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ABSTRACT 
We exploit novel modeling techniques to investigate the micromechanics of the organ 
of Corti ( OC). Our first aim was to confirm that the tunnel of Corti (ToC) can sustain 
fluid wave propagation, as this may provide physiological grounds for the explanation of 
the cochlear amplifier by non-classical cochlear models. The experimental evidence is that 
OHC contraction induces oscillatory flow in the tunnel of Corti. The question we address 
is whether this oscillatory flow is produced by an actual fluid wave traveling in the ToC or 
is merely an oscillating flow with no spatial phase change. We hypothesize that the pillar 
cells must not present a significant barrier to flow into the tunnel of Corti if the latter can 
support sustainable traveling fluid waves in response to outer hair cell motion. 
We use both analytical and numerical models to investigate this hypothesis. The nu-
merical model consists of a realistic three dimensional finite element model of ToC in the 
middle turn of the gerbil cochlea. The analytical estimates and numerical calculations give 
similar estimates for the impedance of the pillar cells to fluid flow into the tunnel of Corti. 
We conclude that the row of pillar cells does not significantly impede fluid exchange be-
tween ToC and the space of Nuel. The wavelength of the resulting fluid wave launched into 
the tunnel is 0.9 mm, which is similar, but somewhat larger, than the wavelength estimated 
iv 
for the classical traveling wave. We also found that this fluid wave propagates at least 1 
wavelength before being significantly attenuated. Our results support the hypothesis that 
there is an additional source of longitudinal coupling, provided by the tunnel of Corti, as 
required in non-classical models of the cochlear amplifier. 
Our second aim was to assess the influence of the interstitial microfluid flow on the 
micromechanics of the organ of Corti. For this purpose, a finely resolved short section of 
the cochlea was simulated to study the fluid-elastic interaction. A modal analysis of the 
section was performed with and without cochlear fluid and the modal results were inter-
preted as the limiting case of wave propagation. 
The analysis results suggest that: 
(1) The long wave response is similar to the classical OC motion, with both arcuate and 
pectinate regions of the basilar membrane moving in phase and a pivoting of arch of Corti 
about the inner pillar foot. In this mode, however, the two inner rows of OHCs bend 
radially in phase while moving out of phase with the outermost row of OHCs. 
(2) The resonant response of the short cochlea section is characterized by a complex fluid-
structure interaction mode, where the two regions of the basilar membrane move out of 
phase and fluid is moved between the tunnel of Corti, the interstitial spaces between the 
OHCs, and the outer tunnel. The outer hair cell rows move all in phase following the ra-
dial flow direction. A significant fluid motion was observed between the cylindrical cellular 
structures of the OC as the result of the structural displacement. This indicates that the 
fl.ow of interstitial fluid avoids overpressuring the OC, and is responsible for driving cellular 
movements. 
(3) In both the long and short wave cases, fluid is squeezed radially, back and forth in the 
subtectorial space as a result of the bending motion of the reticular lamina in the region 
above the OHC heads. This causes a compression and expansion of the subtectorial space. 
This motion is consistent with experimentally observed motion during electrical stimula-
V 
tion experiments. 
Finally, we have developed a method to analyze periodic fluid-elastic waveguides with 
complex geometries, such as the cochlea. The method is a hybrid numerical-analytical 
based on the Floquet theory. We apply the method to two and three dimensional waveg-
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1.1 The general Hearing 
1.1.1 The acoustics of hearing 
The hearing organ, pictured in figure 1-1, is comprised of the pinna, which collects the 
ambient pressure fluctuations and couples them to the ear cannal. At the end of the ear 
canal is the ear drum or tympanic membrane, which vibrates in response to the incident 
pressure. This vibration is transmitted to the oscicles. There are three oscicles: the malleus, 
connected to tympanic membrane; the incus, which is the middle oscicle that coupes the 
malleus to the stapes. The stapes drives the cochlear fluid through the oval window. The 
cochlea is one of the tiniest organs in the humain body, yet one of the most complex to 
comprehend. In the cochlea, takes place the mechano-electro-transduction process, which 
leads to the sensation of hearing. 
The hearing organ presumably has evolved to transfer acoustic energy as efficiently as 
possible to the sensory receptors. Mechanical vibration in sound wave in the ambient air 
is transformed into electrical signals by the hair cells of the inner ear. The middle ear 
functions as one of the intermediate stage of the energy transfer processus. Through a 
series of impedance matching processes within the middle ear, a large pressure is imposed 
onto the small area of the oval window. This stage is known to amplify the sound level, 
contributing a middle ear pressure gain of as much as 35dB. The cochlea is then the site 
for the next stage of the energy transfer. At this stage, energy transfer is performed via 
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Figure 1-1: Ear anatomy showing the ear canal, the middle ear comprised of the tympanic 
membrane and three ossicles, and the internal ear embedding the spiral-shaped cochlea 
(modified from [16]). 
hydrodynamical interaction with the cellular structures within the cochlea to convert the 
mechanical energy into electrical signals that are sent to the brain. 
1.1.2 The cochlear structure and mechanics 
The cochlea is composed of three main fluid compartments that are separated by cellular 
structures. It is enclosed in the temporal bone. Figure 1·2 shows the actual cochlear 
cross section obtain from histological sectioning. The scalae vestibuli (SV) and the scalae 
media (SM) are the top fluid compartments. They are separated by the Reisner membrane. 
The bottom fluid compartment is the scala tympani (ST). The scala media and the scala 
tympani are separated by the cochlear partition, which is comprised of the organ of corti 
( OC), the tectorial membrane (TM) and the basilar membrane (BM). 
Figure l ·3 shows a schematic cochlear cross-section amphasizing the organ of Corti 
(OC) structures on the right side, and an idealized picture of the organ of Corti on the 1 ft 
side. The organ of Corti ( OC) is the processing center of the cochlea. It is structurally 
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Figure 1-2: The middle turn gerbil cochlear cross section: Histological sectioning of the 
cross section enclosed in the temporal bone: shown are the basilar membrane (BM), the 
tectorial membrane (TM) and the fluid compartments, the scala tympani (ST), the scala 
media (SM) and the scala vestibuli (SV). 
• • • Bone 
C=> Fluid 
""'="= Soft tissue 
- PCs-.-Rl. 
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Figure 1-3: Right: Schematized cochear cross-section showing the Organ of Corti cellular 
components.Scala Vestibuli (SV); Scala Media (SM); Tectorial Membrane (TM); Inner 
Sulcus (IS); Inner Hair cell (IHC); Tunnel of Corti (TC); Space of Nuel (SN); Outer Hair 
cell (OHC); Dieter Cell (DC); Basilar Membrane (BM); Scala Tympani (ST). Left: A 3D 
drawing of the organ of Corti [7] 
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complex and embeds the sensory hair cells responsible for hearing sensitivity and selectivity. 
The outer hair cells (OHC), the three long cylindrical shaped cells shown in figure 1-3, are 
mechanosensitive cells that modulate the micro-mechanical properties of the hearing organ 
via feedback mechanisms. The inner hair cells (IHC), the goblet-shaped cells shown to 
left in figure 1-3, are sensory receptors. They are contacted at their base by afferent nerve 
fibers that carry the cochlear response to the brain. The OC occupies a small area of the 
cochlea cross-section, and sits upon the BM which is attached to the bony shelf at one end 
and to the spiral ligaments at the other end. It is structurally coupled to the overlaying 
tectorial membrane (TM) via the stereocillia, which project from the OHCs apex, through 
the Reticular lamina (RL). Its structural components are surrounded by the perilymphatic 
fluid in the tunnel of Corti (ToC) and around the OHCs, and by the endolymph in the 
scala media (SM). 
The vibration of the stapes at the oval window is transfered to the fluid inside the multi-
compartmented and spiral-shaped cochlea. The compartments interact with one another 
via the OC partition that separates them. As a result of the fluid-structure interaction, a 
system of traveling waves is generated along the cochlea. Experimental evidence for such 
traveling waves was first provided by von Bekesy's work on cadaver cochleae [74]. A pure 
tone generates a traveling wave that peaks at a predetermined location along the cochlea 
then dies out past that location. The peak location is determined by the local mechanical 
properties of the cochlear partition. The negative partition stiffness gradient towards the 
cochlea apex leads to a place-principle in the cochlea such that high frequencies input 
pressure effects excite the base of the cochlea while lower frequencies excite more apical 
regions. 
Thus the cochlea filters the complex signals that it receives onto specific locations along 
its length as the result of its position dependent mechanical properties. In addtion, the 
cochlea is enpowered with an active amplification (CA) process that amplifies low sound 
levels and nonlinearly compresses the partition vibration in response to loud sound. This 
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Cell motors amplifrJ the basilar membrane motion by about 
1000 times for input sound pressure levels up to 40 dB 
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Figure 1-4: Active Cochlear amplification at low sound level and non-linear compression 
at intermediate sound level to matched the passive cochlear response. Experimental data 
from Johnstone et al (1985) [38] 
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is illustrated in figure 1-4 extracted from [38]. This active amplification is biased towards 
the high frequencies, such that the active gain in vibration is higher in the base of the 
cochlea [66]. As the result of the active process, the ear not only can detect low sound 
levels, but also can separate frequency as close as 0.2 %. The active compression creates the 
wide dynamic range found in the human auditory perception. In human, at the hearing 
threshold of audibility, the detectable sound pressure is 20 µPa (0 dB) in the optimal 
hearing region of ~ 2 - 4 kHz in air. At the threshold of pain the sound pressure is a 
little less than ~ 200 Pa (140 dB) accross the auditory frequencies. This dynamic range 
corresponds to an energy ratio of 1014 (a 100 trillion). Table 1.1 gives examples of sound 
pressure levels for various sounds [60]. 
Table 1.1: Examples of sounds whose level might correspond to a given value. From [60] 
Level, dB 
(re 20 µPa) Examples 
140 Near jet engine (at 3 m) 
130 Threshold of pain 
120 Rock Concert 
llO Accelerating motorcycle (at 5 m) 
100 Pneumatic hammer (at 2 m) 
90 Noisy factory 
80 Vacuum cleaner 
70 Busy traffic 
60 Two-person conversation 
50 Quiet restaurant 
40 Residential area at night 
30 Empty movie house 
20 Rustling of leaves 
10 Human breathing (at 3 m) 
0 Hearing threshold for person with acute hearing 
How the cochlear amplification process works is still not well-understood. One main 
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reason is that the OC's complex micro-structure makes its mechanical properties inves-
tigation difficult. The classical view is that the OHCs are directly responsible for the 
cochlear amplification. The OHC lateral membrane has been shown to have piezoelectric 
like properties [11]. The OH Cs are terminated at their apex by thin hair bundles called 
stereocilia. When the hair bundle is deflected in the prefered direction, it depolarizes the 
OHC and causes electrical current to flow through it. In response to this depolarization, 
the OHC contracts axially, moving the RL and BM. This results in the partition vibration 
amplification in a feedback loop on a cycle by cycle basis. 
Indeed, the vibration of the cochlear partition, has been experimentally proven to be in 
direct relation with the activity of the auditory nerve. The frequency tuning curve of the 
partition vibration matched fully that of the auditory nerve at the same location [68, 65]. 
The frequency tunning of the auditory nerve are obtained by measuring the sound level 
that would produce activity in the auditory nerve, as a function of the auditory frequencies; 
While the basilar membrane tunning curve is defined as the sound level required to achieve 
a prescribed velocity amplitude, accross the auditory frequencies. 
1.2 Motivation of this study 
Understanding how the cochlea works has been a challenge for many years. Even though 
some of the aspects of the passive cochlear mechanics are well understood, how the cochlear 
amplifier works is still obscure. It is, however, certain that the source of the active am-
plification of low sound levels lies in the properties and functions of the micro-structures 
within the organ of Corti, and functions can be inferred from the study of an anatomically 
complete cochlear structures. 
The goal of this study is to investigate the micromechanics of the organ of Corti, ac-
counting for the often neglected radial fluid exchange through the longitudinally packed 
cellular structures. We investigate the significance of the microfluid flow within the organ 
of Corti in the vibrational response to the traveling wave. The study is carried out by 
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designing and analyzing a detailed 3D finite element model of a short section of the organ 
of Corti (OC) including the iterstitial fluid. The model incorporates the fluid in the sub-
tectorial space as an integral part of the OC, since this fluid is essential in understanding 
how the inner hair cell (IHC) sensors get their input signal. 
A finite element approach is a reliable method for accurately capturing the three dimen-
sional mechanics of the cochlea, since the method does not require prior assumptions, and 
treats the problem from its basic principles of physics. The difficulty, however, in modeling 
the cochlear micromechanics using the finite element method is that it is not possible to 
resolve the details of the organ of Corti while capturing the longitudinally traveling waves 
within the OC. More than 100 million of degrees of freedom would be necessary to resolve 
the entire cochlear spiral. 
In fact, in an attempt to represent the details within the organ of Corti, present cochlear 
models omit radial exchange because of the difficulties associated with its modeling. The 
inclusion of radial exchange requires, indeed, a true 3D modeling. This, not only increases 
the numbers of degrees of freedom of the problem but also requires a complex geometrical 
representation, which is avoided in a 2D model. Most models, in effect, aimed at studying 
the micromechanics of the organ of Corti employ a 2D representation of the OC where a 
plain strain assumption is applied to all of the components of the OC. However, not all 
components of the cochlear can be treated in plain strain. Besides, neglecting longitudinal 
coupling, the plain strain is not applicable to the cylindrical shaped cells of the OC such 
as the pillar cells, the outer hair cells or the Dieter's cells. The space between these 
cylindrical cells varies in size and is filled with fluid. This arrangement likely plays a 
role in cochlear function; a role, which cannot be investigated with 2D analysis. Some 
three models use overly simplified 3D representations of the OC and do not represent the 
longitudinal interstices. 
Most models that include subtectorial fluid motion assume a plane Couette [2] or a 
plane Poisseuille flow or a combination of both flow types [12], which are two dimensional 
in nature. Therefore, the stress distribution is predetermined analytically under the as-
sumption that the subtectorial space does not deform transversally but is merely sheared 
radially. 
Some efforts by others to model the cochlea using numerical methods are summarized 
below but all neglect the effects of radial fluid exchange. 
• Zhang, Mountain et al. [75] performed a modal analysis of 2D sections of the organ 
of Corti without cilia and tectorial membrane. Fluid was not included in the model. 
The 2D nature of the model implies no radial interstices and no longitudinal coupling. 
However, the model was based on phyiological material properties. The model was 
used to investigate the effect of the OC cross sectional shape change on the place-
frequency map. 
• F. Bohnke, Mikusch-Buchberg et al. [8] considered an active 3D skeleton-like model of 
the organ of Corti with a combination of straight elastic beam, pipe and plate models 
for the structures. The basilar membrane was models as parallel sets of beams and 
the soft supporting cells were not included. Although spacing was included between 
the pillar and hair cells, no fluid was included or investigated. 
• Kolson and Ashmore [46] modeled a basal section of the OC with a simplified ver-
tical and horizontal structural OC components, representing the OHCs and TM-RL 
respectively. The finite difference method was employed on a rectangular discretiza-
tion. The fluid was assumed inviscid and a linear feedback model representing the 
CA was incorporated. The model did not represent the oblique angles between the 
OC structures. The one-dimensional nature of the represented structures of the OC 
does not allow for radial fluid flow impedance. 
• Steele [70] claimed a fast calculation of the OC modes based on a combination of 
perturbation and numerical methods. A rectangular multi-compartments represen-
tation of the OC including viscous fluid and structural components was considered. 
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However, no leakage of fluid between compartments was allowed. 
• Cai and Chadwick [12] also used a hybrid approach on a more physically realistic 
geometry of the OC to compute a single propagation mode for the cochlear cross-
section. However, plane strain approximation was used for the cellular components 
of OC and like Steele no leaking was allowed. 
The natural complexity of the cochlea suggest the use of 3D cochlear models for an 
accurate investigation of the cochlear micromechanics. Indeed, the superiority of the three 
dimensional model over the one and two dimensional model has been proven in [47, 71], 
especially for capturing the short wave cochlear mechanics. In addition, several factors 
support the need to include radial exchange in the cochlear micromechanical model: 
• Hubbard [34] in his non-classical transmission line model of the cochlar amplifier 
found that when fluid flow is blocked, the traveling wave amplifier model fails to 
replicate experimental data. 
• Karavitaki and Mountain [40] experiment showed that radial fluid flow leads to os-
cillating flow along the tunnel and suggest it could be critical in providing additional 
longitudinal coupling, which is essential to explain non-classical model of cochlea 
amplifier such as that implemented in [34]. 
• Steele [70] in his WKB wave model of the cochlea acknowledged the importance of 
radial fluid exchange. He attributed the exaggerated pressure mode found in the 
tunnel of Corti to the neglect of radial fluid exchange. This same problem was also 
encountered in [12] with a WKB model with no interstitial space in the ToC. 
• In a preliminary study, we found when comparing the natural frequencies of the OC 
with and without spacing between the pillar cells, that natural frequencies without 
spacing were considerably larger than when spacing was included. 
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Our model is to our knowlegde, the first anatomically based model to include not only 
all the details of the OC but also to incorporate radial fluid flow. We, thus, provide a 
realistic micromechanical model where, the OC components are modeled to match their 
anatomy, the elastic material are matched to their experimentally determined properties, 
and the interstitial fluid spaces are resolved. 
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1.3 The general numerical method 
Our method to investigate the micromechanics of the organ of Corti is primarily based 
on the finite element method. Its implementation for the micromechanical cochlear model 
requires large computer ressources and a powerful computational platform. The finite 
element method is a subject of interest in its own right with a vast and rich body of 
litterature and research (see for example [37, 6]). This section is only intended to briefly 
define some of the finite element method's terms encountered in our presentation and to 
present the computer ressources used for the implementation of the method. 
The finite element method is ulitized to solve partial differential equations defined over 
a certain domain and subject to boundary conditions. The partial differential form of the 
equation is refered to as the strong form. The method's principal strength resides in its 
ability to handle very complex geometry in a consistent framework. Broadly speaking, the 
finite element involves approximating an unknown solution variable in terms of known basis 
functions and solving an algebric equation for the unknown coefficients. Primarily intended 
for solving structural problems, the method is now widely used in the field of fluid mechanics 
and in the solutions of problems involving fluid and structure. The integral form of the 
governing equations uses trial functions and is refered to as the weak form or the variational 
form. It is this integral form, in which the variables are approximated (interpolated), that 
leads to the matrix equations used to solve for the unknowns at decrete mesh points, the 
nodes. A physical base for the trial functions can be found in the principle of virtual work, 
which states that the total internal virtual work associated with any virtual displacements 
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imposed on the elastic body in its equilibrium state must equal the total virtual work by 
all the applied external forces. 
The basis functions are normally subject to certains conditions of smothness and com-
pleteness. When these conditons are satisfied, the resulting mesh is said to be compatible 
or conformal, ortherwise they are incompatible or non-conformal. Incompatible meshes are 
often used in finite element solutions of physical problems with significant bending behav-
ior. When coarse meshes are used for these types of problems, the bending behavior is not 
captured by the finite elements. The use of incompatible meshes can greatly alleviate the 
problem. 
In elasticity problems, the unknown variable is the displacement field from which the 
stress is deduced, so a displacement-based finite element is used. However, this element 
formulation can not handle incompressible elastic problems. A specialized finite element 
formulation, the u/p formulation, for incompressible problems has been developped ex-
tensively that interpolates both the displacement and pressure degrees of freedom, with 
the trade-off of possibly augmenting the numbers of degrees of freedom. The incompati-
ble meshes are also used to handle difficulties arising with the solutions of incompressible 
problems. 
In transient analysis, two time integration procedures exist: the implicit time integra-
tion and the explicit time integration. In the implicit time integration, the solution at a 
given time depends on the previous solutions but also on the solution at the current time. 
This method is unconditionaly stable. Stability of the method expresses the boundedness 
of the solution as the time step is decreased: as the time step is decreased the error on the 
solution also decreases for a stable scheme. Since stability is guaranteed with an implicit 
method it is more often used. However, the computation time is usually longer. 
An explicit time integration method is based on the central difference method. The solu-
tion at a given time depends only on the previous solutions. Therefore the solution can 
be obtained explicitly without matrix factorization. This scheme is only conditionally sta-
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ble: the time step must be smaller than a certain critical time, which is dependent on the 
problem type. The method produces fast calculation and is suitable for impact problems 
and problem involving wave propagation. 
We use ADINA [5] to study the micromechanics of the cochlea. ADINA is a nonlin-
ear finite element package that has the capability to handle structural analysis, fluid flow 
problems, and problems where fluid and structure are both present. The complex cochlear 
section geometry is one of the main reasons for choosing an already proven commercial 
package such as ADINA. Since the structural details within the organ of Corti are of inter-
est, unless an overly simplified model is build, it is not possible to numerically discretized 
the cochlea and to validate one's own code without spending a considerable amount of 
time. ADINA can handle complicated geometries and multi-scale problems such as found 
in the cochlea, where various sized structures are present. It is also easily parallelized and 
runs efficiently on the Linux platform. 
In fluid-structure interaction problems, sophisticated time integration schemes are used. 
The Newton-Raphson method is used for the solution of the equilibrium equation and an 
implicit time integration scheme is used, the Euler's alpha method, to advance the solution. 
The implicit Newmark method is used for time integration in structural problems. 
Our work was implemented with the Scientific Computation and Visualization (SCV) [69] 
supercomputing facilities, namely the KATANA cluster (IBM BladeCenter) operating on 
the BULinux5.0 system. The IBM pSeries 690/655 using the AIX operating system was 
also used. 
This cluster contains very powerful computer nodes. A KATANA node can now handle 
an 8 processor job on a shared memory computer node, with 2 GB of RAM per processor 
with a speed of 3 GHz. Distributed memory jobs have more processors at their disposal. 
The current version of ADINA we used is based on a shared memory processors, thus 
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all the processors must be on the same computer node. This implies that a computer 
node with a significant number of processors must be available to handle large memory 
requirements as is the case for our cochlear model. So up until the KATANA cluster 
was added to the computing facilities, our detailed cochlear model could not be simulated 
without spending days of running time. Although the computing time was considerably 
reduced with the addition of the KATAN A cluster, there was a permanent limitation due to 
ADINA's internal structure. ADINA uses a specific matrix element storage scheme called 
skyline, which stores only a limited number of zero elements among the nonzero elements. 
The matrix output format is limited to a billion elements per matrix. The stiffness and 
mass matrices that are required for the Floquet method implementation are printed in 
formatted form that are limited by the maximum count just mentioned. This, severely 
limited mesh refinement, especially in the implementation of the actual cochlear model. 
MATLAB, which is also available on the KATAN A cluster was very valuable for the present 
work. MATLAB built-in function 'eigs' was used to solve the matrix equations obtained 
from Floquet 's method. 
1.4 Thesis organization 
Our investigation of the micromechanics of the cochlea is organized in four chapters. In 
chapter 2, we characterize the tunnel of Corti response to outer hair cell motility and show 
that the tunnel can support a sustained traveling fluid wave. Chapter 3 uses sensitivity 
analysis to compute the elastic properties of the organ of Corti cellular components from 
point stiffness measurements. Chapter 4 utilizes the elastic properties from Chapter 3, 
to determine the modes of vibration of the cochlea short section with and without fluid, 
and to compute the shear gain of the stereocilia in a viscous transient analysis. Chapter 
5 focuses on methods to analyze fluid-elastic waveguides with complex geometries, with 
application to the cochlea. Chapter 6 provides a summary of the entire thesis. 
Chapter 2 
Tunnel of Corti's response to 
electromechanotransd uct ion 
2.1 Introduction 
. 
There is evidence that the cochlear traveling discovered by von Bekesy [74] in his exper-
imental work on cadaver cochleae is amplified towards its resonant point in the living 
cochleae. Calculations based on data from sensitive cochleae suggests that the traveling 
wave induced basilar membrane (BM) vibrations are indeed biologically amplified [9, 23]. 
This amplification process is termed the cochlear amplifier (CA), which is believed to en-
hance hearing for low sound levels. The cellular basis of the cochlear amplifier is believed 
to be found in the outer hair cell (OHC) somatic electromotility, the electrically induced 
longitudinal deformation of the OHC as reported in [ll]. Despite efforts to explain how 
the cochlear amplifier works it is still not well understood. 
Cochlear models have attempted to account for the CA by means of longitudinal cou-
pling mechanisms. In classical cochlear models, the only mean of longitudinal coupling is 
via the scalae fluids. These classical models, although they replicate some of the experi-
mental data, do not capture all the unique features of the cochlear response. Non-classical 
models have been introduced that include multiple modes of longitudinal coupling. In 
one approach, it is hypothesized that a longitudinal tilt of the OHCs provides additional 
longitudinal coupling. When this coupling is incorporated into cochlear models, enhanced 
amplification takes place [70]. 
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Hubbard [34], in his traveling wave amplifier model showed that two wave modes can 
add their energies to create amplification such as that desired in the cochlear amplifier. 
The Tunnel of Corti (ToC) was later used to represent the second wave mode for the 
proposed traveling wave amplifier model, and was incorporated in a multicompartmental 
hydromechanical model of the cochlea, which successfully replicated BM motion [35]. This 
result led to the hypothesis that the cochlear amplifier can function as a fluid pump [36]. 
However, this hypothesis must comply with the anatomical structure of the organ of Corti 
. Indeed, the fluid must pass through the pillar row bef~re reaching the ToC, and the 
ToC fluid and the underlying basilar membrane arcuate must constitute an appropriate 
waveguide. 
Here, a finite element model of the ToC is developed to investigate these questions: 
whether the ToC can support traveling wave in response fluid pumped into the ToC by the 
active OHC and whether the spaces between the pillar cells will cause excessive power loss 
when fluid is forced into the tunnel of Corti by the OHCs. The region along the cochlea 
tuned to the characteristic frequency ( CF) of 4 kHz is modeled. 
2.2 Method 
2.2.1 A simple model of the organ of Corti: the tunnel of Corti 
In order to characterize the Tunnel of Corti (ToC) response to the outer hair cell (OHCs) 
electrically induced motion, the fluid around the OHCs is assumed to be forced between 
the pillar cells (PCs) and into the ToC. Therefore a small region comprising the ToC and 
the space of Nuel (SN) is studied in this simplified finite element model. The method for 
specifying the geometry, the material properties and the input of the model is described 
below. 
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Figure 2-1: Focal level of imaging down the OC (perpendicularly towards the BM) showing 
a cut through the cellular components of the OC. Shown are the outer pillar cells (OPC), 
the three rows of outer of hair cells (OHCl, OHC2 and OHC3) and the Hensen cell (HC) 
region. OPC and OHCl are separated by the space of Nuel (SN). The OPC separate the 
SN and the tunnel of Corti (ToC). 
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2.2.1.1 Tunnel Structure Dimensions 
The dimensions of the cellular structures in the organ of Corti (OC) were measured from 
stacks of digital images obtained from experiments on excised cochleae [41]. Stacks of im-
ages were obtained at different focal levels from the tectorial membrane (TM) to the basilar 
membrane (BM) in 2 µm increments through the OC with the imaging plane parallel to 
the BM. The focal plane, at the level OHC level, shown in figure 2-1 was chosen to measure 
the in-plane dimensions because all the rows of hair cells were clearly visible and structural 
dimensions such as the radius of pillar cells and the span of the space of Nuel could be 
measured. The measurements relied on the image resolution and well known dimensions of 
the Outer Hair cells (OHCs) from isolated OHC experiments. Using the available free soft-
ware ImageJ to visualize and measure distances gave an OHC measurement fo 39 pixels in 
diameter. The actual OHC diameter being 9µm [11], the resolution used for all subsequent 
measurements was 231nm/pixel. 
The height (Hroe) and width (Wr 0 e) of the ToC in the middle turn of the cochlea, 
more precisely at the location corresponding to the characteristic frequency of interest of 
4kHz, are approximately 64µm and 50µm, respectively. The angle between the long axis 
of the OHC and the reticular lamina (RL) as measured in [41] is 0r = 71°. Based on 
these available dimensions, the remaining dimensions of the arch of Corti are determined 
as follows. In the middle turn the RL is almost parallel to the BM, therefore 0r is also 
the angle between the long axis of an OHC and the BM. If the outer pillar cells (OPCs) 
are assumed parallel to the OHCs, the arch of Corti must be an isosceles triangle of basal 
angle a given by: 
a= tan-1 { 2Hroe} ~ 590 
Wroe 
This value of a is almost equal to the measured value of 0r and shows that the arch 
of Corti is indeed an isosceles triangle with base angle a ~ 69°, under the resonable 
assumptions on the angles of the BM and the OPCs. 
20 
The model dimensions associated with this location characterized by CF = 4kH z are 
summarized in table 2.1. 
Table 2.1: Model dimensions. 
Parameter description I parameter Symbol parameter value 
Location along the cochlea ( re base) XCF 6.44 mm 
ToC Model length Lrac 693 µm 
ToC Model height Hrac 64µm 
ToC Model width Wroe 50µm 
Isosceles ToC base angle Ct 69° 
BM-AZ thickness h 0.5µm 
Pillar cell radius Rd 2.54 µm 
Distance between adjacent PC inner edges a 1.85 µm 
Space of Nuel width SN 4.85 µm 
2.2.1.2 Model Simplifications and Assumptions 
The model assumptions are based on experimental observations and some common sim-
plifications made in cochlea models. The dimensions were obtained as explained in the 
previous paragraph, and the simplified ToC geometry is shown in figure 2-2. 
• The PCs are modeled as a row of regularly spaced rigid cylinders parallel to the side 
of the ToC and to the OHCs. 
• In this model of the tunnel of Corti, the deformation of the OHCs is not of direct 
interest, therefore the OHCs are not physically represented. They are represented as 
a rigid wall moving fluid in and out of the tunnel, and their experimentally measured 
response to electrical stimulus is directly used to drive the model. The OHCs along 
the modeled region of the cochlea are assumed to respond in direct proportion to the 
magnitude of the local current density. 
• A straight ToC with a uniform triangular cross-section is modeled assuming that the 






Figure 2-2: Portion of the simplified ToC anatomy showing the tunnel, a number of Pillar 
cells, the space of Nuel and the underlying Basilar membrane. 
also small compared to the longitudinal distance over which geometrical variations are 
significant. This is a valid assumption for more basal locations on the cochlea, which 
however breaks down toward the apex where the radius of curvature is of the order of 
the wavelength. Manoussaki et al. [54], in their study of the effect of the coiling of the 
cochlea have indeed found that the TM-RL shear gain from BM deflection is higher 
than the uncoiled cochlea and also that the wave gets tilted toward the cochlear wall 
in the apical region. 
• On the Inner Hair Cells (IHCs) side of the ToC, the phalangeal supporting cells, the 
Inner Pillars Cells (IPCs) and the IHCs are bound together such that no flow through 
the complex can be assumed. Furthermore, due to the presence of the rigid IPCs, 
the complex is modeled as a rigid wall. 
• Both ends of the tunnel model are open as in the in-vitro excised cochlea middle turn 
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experiment that is being simulated. 
• The underlying basilar membrane arcuate zone, supporting the ToC, is modeled as 
a shell plate either clamped or hinged along its long edges. 
2.2.1.3 Solution Method 
The fluid surrounding the OHCs, when pushed between the pillars, interacts with the BM 
arcuate zone (BM-AZ) to produce fluid flow along the tunnel. The resulting fluid-structure 
interaction problem is governed by the equations below. 
The fluid in the ToC satisfies the viscous incompressible fluid equations: 
8V ( 1 2 -+ V-V)V=--VP+vv' V at P (2.1) 
where V = (u,v,w) is the fluid velocity; V = (gx, i, gz); v'2 =fl:,+ -fr+~; p and 
v are, respectively the density and the kinematic viscosity of the perilymphatic fluid; P 
is the pressure in the fluid. The BM-AZ is modeled as a thin plate strip either clamped 
or hinged along the two opposite long edges. The equation for BM-AZ with longitudinal 
varying bending stiffness D = D(x) is given as follows: 
(2.2) 
where '!} is the plate deflection; Ps and h, respectively the density and thickness of the plate; 
[P] is the fluid loading on the plate. 
The boundary conditions are as follows. 
• The no-slip condition at the walls is 
V=O. (2.3) 
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• The no-slip condition at fluid-structure interaction interface 
ar, 
at= w. 
• The boundary conditions along the plate edges are: 
clamped edges 
hinged edges 
• The open tunnel ends conditions is 
Tl= 0 











where Pi is the input pressure from at the OHCs (first row); P2, the pressure in the ToC 
(past the PCs) and Vn the fluid velocity normal to the PCs. 
Given the simplified geometry, this results in a set of coupled equations, for which a 
completely analytical solution is still difficult to obtain. Instead, the solution was obtained 
numerically with ADINA(Automated Dynamical Incremental Nonlinear Analysis), a com-
mercial package [5]. ADINA provides strong capabilities and flexibility in structural, flow 
and fluid-structure interaction analysis based on finite element method. Using ADINA, 
the pillar cells were modeled as rigid cylinders as mentioned in section 2.2.1.2, and the 
no-slip condition was applied on the cylinders surfaces. In a typical simulation model, 
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the FE model was 0. 7mm long, representing 150 PCs. The fluid region was discretized 
using approximately one half of a million 4-node tetrahedral finite elements of various sizes 
throughout the fluid. The solid BM-AZ plate was modeled with either shell elements or 
elastic solid elements. When shell elements were used, the model was discretized using 
6000 4-node shell elements referenced to the mid-surface of the plate. With solid elements, 
at least 12 elements where used accross the thickness of the BMAZ. The fluid and the 
structure elements were fully coupled. 
2.2.1.4 Model input 
The model input is one key component of our simulation since it represents the effect 
of OHC motility, which is the process believed to enhance hearing sensitivity. Based on 
the sketch in figure 2-3 showing the experiment imaging plane orientation(Jp), the OHCs 
displacement (D) measured in Ip is given in the Cartesian coordinates in eq.(2.9) for a 
given stimulus frequency w. The OHC input velocity vector (V) in eq.(2.10) is deduced 
from the displacement vector. The input magnitude (Dzm, Drm) and phase (¢1, ¢r), which 
are functions of the depth (d) of the imaging level, are interpolated from experimental 
data to match the nodes in the FE model. An exponential factor was added to simulate 
the longitudinal variation in the input, as the OHCs are not excited equally. Indeed, as 
mentioned in [41], the electrically-evoked OHC motion showed a gradient due to the spread 
of current away from the location of the electrode which is where maximal excitation 
occurred. This effect is incorporated as an input spread factor 8 in the model with Xp 
denoting the location of maximal excitation. The model input parameters are summarized 
in table 2.2. 
( -lx~xpl) 
D=e x 
D1m(d)sin(wt + ¢1(d)) 
-Drm(d)cos(,r - a)sin(wt + ¢r(d)) 
Dr·m(d)sin(,r - a)sin(wt + if>r(d)) 
(2.9) 
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Table 2.2: Model input parameter values. 
Parameter description I parameter Symbol I parameter value 
Location along the cochlea (re base) XCF 6.44 mm 
Isosceles ToC base angle a 69° 
Focal plane angle relative to OHC axis 'Yr goo 
Maximally stimulated location Xp = O%Lroc Oµm 
Input spread or current spread o = l2%Lroc 83.16 µm 
Largest radial displacement of the OHCs X 150 nm 
Viewing axis 
OHC-axis 




Figure 2-3: Sketch of the triangular shaped Tunnel of Corti (ToC) cross-section showing 
the imaging plane orientation. 
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Figure 2-4: OHCl multilevel response at 60 kHz [39]: magnitude in nm (a) and phase in 
degree (b) of radial and longitudinal displacement of OHCl as a function of depth in µm 
(re RL). Longitudinal displacement (open symbols), radial displacement (filled symbols). 
( -lx~xpl) 
V = -we x 
D1m(d)sin(wt + 1>z(d) - i) 
-Drm(d)cos(,r - o:)sin(wt + <Pr(d) - i) 
Drm(d)sin(,r - o:)sin(wt + <Pr(d) - i) 
(2.10) 
The simulation frequency was chosen to be the characteristic frequency of the location of 
interest (CF= 4KHz). The in-plane radial and longitudinal input displacement magni-
tude and phase are inferred from measurement at a lower frequency of 60Hz as expressed 
in eq.(2.11). 
DrmU = 4KHz) ~ Drm(f = 60Hz)/l2; <Pr(!= 4KHz) ~ 7r 
(2.11) 
D1mU = 4KHz) ~ D1m(f = 60Hz)/l2; q>z(f = 4KHz) ~ 0 
The experimental in-plane input magnitude Dzm, Drm and phase <Pt, <Pr, obtained at 60Hz, 
are shown in figure 2-4. The amplitudes and phases of the radial and longitudinal displace-
ments as a function of the depth within the organ of the first row of hair cell at 4 kHz 
were assumed to be similar to those measured at 60 kHz as reported in [39]. Experimental 
were also available for a sweep of frequencies between 10 - 10000 Hz, and showed a low 
pass characteristic: past a frequency of ~ 1000 - 2000 Hz, the displacement decreased to 
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the noise level of 60 nm. The ratio of the response magnitude at the low frequency of 
60 Hz to that at the higher frequencies was estimated to be 12, and the phase decreased 
only slightly. From these observations, the model OHCl multilevel displacement profile for 
4 kH s was derived from the 60 kHz data by reducing the latter displacement by a factor 
of 12, and the phase at 4 kHz was assumed the same as that for 60 kHz. 
2.2.2 The underlying basilar membrane elastic properties specifications 
The material properties of the internal structures of the OC are difficult to determine 
because the inside of the OC is not easily accessible. However, relatively easy access to 
the RL and BM is possible. Point stiffness measurements on the BM were performed 
by Naidu [62] for the gerbil cochlea. In Naidu's experiment, the BM was deflected in 
lµm increments up to a maximal deflection of 15µm using a force probe with a lOµm tip 
diameter. The deflection and the measured applied force were used to calculate stiffness 
as a function of deflection. The curve exhibited two plateaus followed by a quadratic 
increase in stiffness; the highest plateau was taken as the physiologically relevant stiffness. 
The experiment was carried out at multiple locations in the OC radial and longitudinal 
directions and revealed multiple stiffness gradients across the OC. Fitted to an exponential 
function, the point stiffness data are summarized as: 
kpRAM(x) = ko ecx (2.12) 
where x is the location in mm from the base along the gerbil cochlea, c is a negative real 
number representing a stiffness gradient factor, which depends on the radial position across 
the OC and ko is a constant with units of N /m. 
This experimental data is used here to determine the Young modulus of the BM-AZ model 
at the location of interest. 
Naidu's experiment is reproduced by performing a linear static deflection of the elastic 
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Figure 2-5: a)Point stiffness measurement experiment: a linear static deflection of the BM-
AZ model to determine elastic properties; An equivalent probe force is applied to a quater 
plate model of the BM-AZ using symetric boundary conditions. b) Deflection Uz of the 
basilar membrane (BM) as function of the postion x: The space constant is estimated at 
20.8 µm, corresponding to the ordinate at 37% of the maximum deflection (shown by the 
square sumbol). 
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is shown in figure 2-5(a). For a fixed Possion's ratio, an initial value of Young modulus 
E1 is set. A localized uniform pressure over an area of the plate, exactly the same as that 
of the experimental probe tip, is applied. The ratio of the applied force to the maximum 
deflection corresponds to the point stiffness kpl· The Young modulus is then adjusted to 
the value 
(2.13) 
that yields the same value as Naidu's point stiffness. As seen in the figure, the deformation 
at a point affects the surrounding region, exhibiting a non-locally reactive surface behavior 
that is characterized by a space constant defined as the spread of the deformation from 
its center. The space constant in the longitudinal direction was also checked against the 
experimental results while matching the elastic properties of the model to the experimental 
point stiffness data. The space constant determines the distance along the cochlea over 
which the displacement falls from the maximum to 37 % of the maximum value. The finite 
element estimate is >-en= 20.8 µm, as shown in figure 2·5(b). The experimental value of the 
space constant at any location along the cochlear is given in [63] by the following equation: 
Ac= 8.5 + l.8x (BM alone) (2.14) 
where >-c is µm while xis in mm. XCF = 6.44mm for the CF location of 4kHz according 
to Muller's [53] frequency-place map. The corresponding value of the space constant given 
by equation 2.14 is >-c = 20.1 mm versus >.en = 20.8 µm. Therefore, the space constant, 
which expresses the degree of longitudinal coupling, is also well matched by this model. 
The perilymphatic fluid on both side of the BM-AZ of the cochlea is assumed to have 
the same density and viscosity as water. The material property values for the location 
characterized by CF= 4kHz are summarized in table 2.3. 
30 
Table 2.3: Model material property values used at location with CF= 4kHz. 
Parameter description \ parameter Symbol \ parameter value 
ToC perilymph density p 1000 kg/mJ 
ToC perilymph viscosity VJ 1.12 X 10-t, m''j S 
BM-AZ stiffness gradient factor C -0.23 mm- 1 
Experimental point stiffness kpRAM 0.62 N/m 
Poisson's ratio V 0.3 
BM-AZ Young modulus (clamped edges) E2 1014.8 kPa 
BM-AZ Young modulus (hinged edges) E2 2292.7 kPa 
2.3 Tunnel of Corti response characterization 
2.3.1 Pillar cell impedance to fluid flow into the tunnel of Corti 
Outer hair cell motility generates fluid flow between the tunnel of Corti. This flow, however, 
must pass through the rigid pillars of the arch of Corti. Here we estimate the permeability 
of the pillar cell array to flow into the tunnel of Corti. We use two approaches: an an-
alytical approach for closely spaced cylinders, and a numerical approach valid for higher 
Reynolds numbers. 
The analytical approach is based on a low Reynolds number assumption. At low fre-
quencies when OHCs motions are the largest, the OHCs motion is at most a few microme-
ters. For the characteristic frequency f equal to 4KHz, the largest experimentally observed 
radial displacement of the OHCs is less than X=150nm. The flow Reynolds number based 
on the diameter of the PCs is given by: 
where w = 21r f, Rd corresponds to the PC radius and VJ is the kinematic viscosity of the 
perilymphatic fluid of the ToC. Based on the values in tables 2.1 and 2.3 for Rd and VJ, 
respectively, this yields a value of Re less than 0.017. Therefore, the flow around the pillars 
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is laminar and the inertial contribution may be neglected. Moreover, in this worst case 
analysis of the pillar cell impedance based on the optical image measurement, the spacing 
between the pillars of the ToC is quite small, i.e r = R-:t~ ~ 0.73 (a value r=l indicates 
no space between the pillars). In this case, the pillars are closely spaced and the resistance 
to fl.ow is concentrated in the narrows gap between the PCs. Under these conditions, the 
resistance per unit length of pillar can be estimated by Keller's formula [43] for closely a 
spaced array of cylinders perpendicular to a slow, viscous two-dimensional flow: 
6.P _ 91rpvf~ 
Q 2a5/2 
(2.15) 
where 6.P is the pressure drop across the array, Q, the volume velocity of the fluid and p 
corresponds to the density of the perilymphatic fluid. This gives an estimated resistance 
value of 6.c{ = 5.4 x 109 Pa.s/m 2 = Reat(Z), the real part of the impedance Z as defined 
below. 
A second estimate of the flow impedance presented by a row of pillar cells was evaluated 
numerically. A planar z-section of an FE model such as the one shown in figure 2·6 was 
considered to numerically compute the impedance of the PCs. A two-dimensional numerical 
computation was performed. The impedance was computed as the ratio of the temporal 
Fourier transform of the pressure drop through the gap in the y-direction to the Fourier 
transform of volume velocity through the gap. The pressure variation through a gap in 
the transverse (y-direction) was first plotted to determine the region of pressure drop as 
shown in the example in figure 2-7. This region corresponded to the region within the 
limiting edges of the pillar cells. Next, the time trace of y-velocity at the nodes across the 
gap were collected and Fourier transformed. The spatial values were then interpolated and 
integrated to yield the volume velocity across the gap. Values of the real and imaginary 
part of the impedance are gathered in table 2.4 for different positions along the ToC length. 
We note that the imaginary part is negligible compared with the real part and can be 
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Figure 2-7: Pressure variation in the transverse y-direction through gap number 5 (as 
explained in table 2.4); Vertical bars represent the positions of the edges of the PCs. 
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Table 2.4: Pillar cells impedance Z as a function of the location (re(xp = 0)) of the gap between 
two consecutive PCs along the ToC: The position is given by: 6.93 x n in µm. 
I Gap number n 1 3 5 7 9 
Real(Z) in 10 Pa.s/m 6.757 6.818 6.830 6.835 6.838 
Imaginary(Z) in 10 Pa.s/m 0.090 0.094 0.097 0.098 
I Gap number n 11 15 I 20 I 25 I 30 
Real(Z) in 10~ Pa.s/m"L 6.840 I 6.841 I 6.843 6.845 6.847 
Imaginary(Z) in 1ou Pa.s/m"L 0.099 I 0.100 I 0.101 0.103 0.105 
I Gap number n 40 50 60 70 80 
Real(Z) in 10 Pa.s/m 6.853 6.863 6.876 6.897 6.928 
Imaginary(Z) in 10 Pa.s/m 0.111 0.120 0.133 0.152 0.181 
associated with a relatively small acoustic inertance. The real part, which represents the 
resistive part of the impedance, is slightly greater than that obtained using Keller's formula. 
This is reasonable since the later formula is an asymptotic formula that is valid only for very 
closely spaced cylinders, i.e. r ~ l. The impedance is also seen not to vary significantly 
with gap position, as should be expected. The average value of the real impedance was 
used to characterize a PC, yielding a value of (6.85 ± 0.04) x 109 Pa.s/m 2 for the PC 
resistance per unit length of PC. 
The average power transmitted across a surface area at position y within the gap is defined 
as: 
(2.16) 
where Qo is volume velocity through the gap; ,6,.P* is the complex conjugate of the pressure 
difference across the gap as plotted in figure 2-7; Real designates the real part of the complex 
quantity in parentheses. In terms of the impedance Z = i, we have: 
(2.17) 
The power loss is therefore a function of the pressure drop or of the volume velocity through 
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a given gap, the PC's impedance being constant. Because the tunnel is open at both ends, 
the volume velocity is not equally distributed to the different gaps, even for a uniform OHC 
input into the space of Nuel. Also responsible for the unequal distribution of the volume 
velocity is the OHC input spread, which was incorporated in the simulation. For the model 
with open ends, the power loss is plotted as a function of the gap number in figure 2·8. As 
can be seen in the top plot, most of the power reaching the gap entrance is lost in the PC 
gap, resulting in only a small amount of power reaching the ToC. 
The OHC input power, shown in the bottom plot, is calculated using formula (2.16), with 
P taken as the pressure at the input wall representing the OHC and Q the velocity at the 
wall times the OHC diameter. The OHC input power is about 3 orders of magnitude higher 
than the power at the gap (at the maximally stimulated location). Most of the power is, 
thus, sent down the space of Nuel. 
It is worthwhile considering the impedance to flow presented by the pillar cells relative 
to the impedance presented by the basilar membrane arcuate zone (BMAZ). The stiffness 
of the isotropic BMAZ model is frequency dependent, but its value at zero frequency 
is representative of its magnitude at other frequencies. For the BMAZ model shown in 
figure 2·5(a), we estimate the low frequency basilar membrane stiffness to be K = 12 x 
1012 Pa/m 2 . In order to estimate the relative significance of the impedance imposed by 
the row of pillar cells to the overall cochlea function, we form the nondimensional ratio 
az = (21rfo)Z/K, where Z is the impedance to flow presented by the row of the pillar cells, 
and f o is a characteristic frequency chosen here to be the CF for the cross section under 
consideration. We found az = 14. Thus, for this worst case analysis of the pillar cells 
spacing studied, the BMAZ stiffness is 1 order of magnitude smaller than the equivalent 
stiffness of pillar cells row. This comparison indicates that the pillar cells do not present a 
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Figure 2-8: Power loss through the PCs gaps as function of the gap number: '.' == power 
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power. 
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Figure 2-9: Influence of pillar cells (PC) spacing on power loss: a) Normalized power loss 
(with respect to maximum power) as a function of the gap number for 5 different PC 
spacings. r = R1;/.%, where Rd is the PC radius and a the distance between the inner edges 
of two adjacent PCs. b) Normalized OHC input power as a function of the gap number 
for the same 5 gap size. 
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2.3.2 Influence of the pillar cells spacing on the power loss 
The gap size between the PCs determines the impedance and therefore the power delivered 
to the tunnel of Corti wave. Since the spacing between the pillar cells is difficult to estimate 
from the imaging stacks from which the dimensions were taken, the effect of the gap size 
was assessed by calculating the power loss through the pillar cell array as a function of 
the pillar cell spacing. In fact, the edges were not clearly delimited in the images and the 
gap size was also seen to vary along the length of the organ of Corti. There were locations 
where it appeared that a whole pillar could easily fit in a gap. For these reasons, in addition 
to the experiment where the gap size was r = 0.73, larger gap sizes were also considered. 
With the nondimensional spacing defined as previously, i.e.r = R:~%, the spacing between 
the pillar cells is increased gradually with r decreasing from 0. 73 to 0.3]. As illustrated 
in figure 2·9(a), as the gap size is increased more power is injected into the tunnel wave. 
The OHCs power input computed as explained above is also shown in figure 2·9(b). A 
smaller fraction of the OHCs input is lost to the gap as the gap size is increased. As 
r is decreased, the maximum power input location along the tunnel drifts longitudinally 
towards the apex, away from the maximum input velocity location at gap number 0. For 
r < 0.5, the maximum OHC input power asymptotes to ~ 0.3. Also, for this sort of 
spacing, less than ~ 35 % of OHC power is lost pushing fluid through pillar cells. This 
limiting spacing r = 0.5 corresponds to the case where a whole pillar cell fits exacly into 
the gap between two adjacent pillar cells, i.e. a = 2 Rd· 
Power loss drops considerably for gap sizes smaller or comparable to the PC diameter 
as does the input power for fixed input velocity. 
2.3.3 Wave constant estimate of the fluid wave launched into the tunnel 
of Corti 
The compliant architecture of the BM suggests that traveling waves must propagate along 
the ToC. We predict the wavelength and the attenuation factor of the fluid wave launched by 
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a small group of OH Cs located in the middle turn region around the best frequency of 4KHz. 
We compare the result to a theoretical derivation based on the long wave approximation 
( one-dimensional model). 
2.3.3.1 FE Model estimates 
The response of the fluid inside the ToC is analyzed as follows. The time response of a fluid 
line (see figure 2·10(a)) which is defined as collections of nodal points in the longitudinal 
direction, is Fourier transformed in time. We track the spatial phase variation along the 
ToC from the FFT phase to compute the wavelength. 
The wavelength at the CF corresponding to the modeled region of the ToC is estimated 
from the phase-position function q;(x) as: 
(2.18) 
k is given by the slope of the regression line fit to the phase data away from the edges of 
the ToC as shown on the phase-position plot of figure 2·10(b). The numerical values are 
k = 7.0mm- 1 and A = 0.9mm. In the magnitude response of the FFT, we see that the 
wave is rapidly attenuated over a distance of 0.5mm. The experimental wavelength esti-
mate at CF= 4kHz is 0.5mm [63, 40]. This is about half of the simple model prediction. 
To assess the effect of the scalae tympani (ST) fluid, the single duct model was extended 
by adding a bottom fluid compartment matching the size of the actual ST at the site of 
interest. The FE model is shown in figure 2·11(a). The time waveform was processed as 
explained above to derive the resulting spatial phase variation shown in figure 2-12 and 
the wavelength estimate in the presence of the ST. There was no noticeable change in the 
wavelength estimate when the ST was added. In fact, the cross section area of the tunnel of 
Corti is about 2 orders of magnitude smaller than that of the ST. The conservation of mass 
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Figure 2-10: a) Longitudinal fluid velocity (x-velocity) along the ToC centerline at succes-
sive time steps for about 2 cycles of running time. b) Top plot: scaled amplitude of FFT of 
the longitudinal fluid velocity along the centerline of the ToC; Bottom plot: corresponding 
phase variation along the tunnel; The straight line is the linear regression fit to the phase 



























Figure 2-11: Tunnel of Corti (ToC) model with Scalae Tympani (ST): a) The Basilar mem-
brane (BMAZ) is sandwiched between the ToC on top and the large ST compartment at 
the bottom. b) Vertical cuting plane through the model: fluid z-velocity (in mm/s)contour 
plot showing minimal fluid flow in ST 
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Position in mm 
0.1 0.2 0.3 0.4 0.5 0.6 
position in mm 
Figure 2-12: With scalae tympani added. Top plot: scaled amplitude of FFT of the 
longitudinal fluid velocity along the centerline of the ToC; Bottom plot: corresponding 
phase variation along the tunnel; The straight line is the linear regression fit to the phase 
data away from the ToC ends. 
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Figure 2-13: Dispersion curve from localized impulse response in midturn (CF=4kHz):'x' 
nearly inviscid (µwater/ 1000), waves peed estimate: 3. 95m / s; 'o' viscous (µwater), wavespeed 
estimate: 3.80m/s. Lines are linear fits 
the wave length is determined by the ToC alone. Figure 2-11 (b) displays a snapshot of the 
z-velocity contour plot showing flow in the ST. The flow is concentrated near the BM and 
is characterised by a very small penetration depth. 
In this model, at the location's best frequency of 4kHz, the thickness of boundary layer 
formed near the plate is estimated to be lOµm. This is about I/6th of the ToC height. 
There were approximately 2 finite elements in the boundary layer for the model. The fluid 
viscosity will not only contribute in damping the wave but will also affect the wavelength 
estimate slightly. Using the 3D FE model an estimate of the effect of viscosity was per-
formed by reducing the viscosity 3 orders of magnitude with respect to the viscosity of 
water. A localized (spatial delta-Dirac with respect to longitudinal x-direction) impulse 
was used as the input to compute the wave characterises at CF. The result of the decreas-
ing viscosity was that the wave amplitude was increased and the wavespeed was increased 
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Figure 2-14: FFT magnitude and phase variation along fluid line from localized impulse 
response in midturn (CF=4kHz):'o' viscous (µwater), 'x' nearly inviscid (µwater/1000)'0' 
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Figure 2-15: x-velocity response of an arbitrary point in the fluid to a localized impulse 
response in midturn (CF=4kHz):'o' viscous (µwater), 'x' nearly inviscid (µwater/1000) 
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of 35.4µm as calculated from Figure 2-13. Figure 2-14 shows the amplitude and phase at 
4kHz extracted from the impulse response and figure 2-15 displays the x-velocity response 
of the fluid at an arbitrary location along the tunnel. 
2.3.3.2 Long-wave prediction 
In the so called long-wave approximation, which we adapt to the modeled ToC, the fluid 
velocity in the vertical direction(z-direction) is assumed to be a linear function of z and a 
section of the BM is consider as an independent oscillator, a rigid piston loaded uniformly 
with fluid. This implies that the fluid viscous effects are not important and that the 
wavelength is long enough that the pressure is uniform over the cochlea cross-section. In 
this case and for a single channel cochlea, the pressure near the BM satisfies the Helmholtz 
equation, and the wave number k is derived from Boer's long-wave discussion in (21] as: 
(2.19) 
where H designates the height of the channel and Z the acoustic impedance of the under-
lying BM. For a compliance dominated BM, the wave velocity at a given location along 
the BM, is given by: 
Vq:,=g, (2.20) 
where C is the volume compliance per unit area of the BM and p is the fluid density. 
The volume compliance per unit area of the BM-AZ, C is deduced from the point stiffness 




where dis the diameter of the probe used in the point stiffness measurement as described in 
section 2.2.2. With H taken as the equivalent height of the ToC defined as the area of the 
ToC divided by its width, eq. (2.20) yields V¢, = 9.96m/ s. The corresponding wavelength 
at CF is 2.49mm, which is significantly greater than the prediction from the 3D model. 
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2.4 Discussion 
Several factors dictate the accuracy of the wavelengh estimate at the peak response of the 
region of the organ of Corti considered. The material properties of the underlaying basilar 
membrane must be acurately incorporated in the model, and properties such as the edge 
support conditions, the overall flexibility and the defining components of the organ of Corti 
must be reliably represented. 
In the simplified tunel of corti model, wave reflection was a concern since the length 
of the model was limited. Since the spacing between the pillar cell is very small com-
pared to the wavelength of the region modeled, the periodicity of the pillar cell array 
would not interact with the wave and affect the wavelength estimate significantly. Simul-
taneously resolving the PCs gap and the wavelength proved to be costly in computation 
time. Therefore, in order to consider the effect of possible reflections at the opened ToC 
end, relatively longer tunnels with coarser elements in the wave propagation direction were 
modeled. These coarse models did not incorporate the pillar cells, but still resolved the 
wavelength adequately with between 20 to 40 finite elements per wavelength. The wave-
lengths estimate were in general larger with a value around 1.5mm for the coarse meshes. 
However, when the mesh size was reduced further to a finer mesh size, the results converged 
to wavelengths in the range 0.9 - 1.0mm at the characteristic frequency. This implies that 
end reflection and runtime truncation effects did not cause significant errors in the original 
shorter but finer mesh models used to calculate the wavelength with the pillar cells present. 
However, in order to truly eliminate the artifacts of wave reflections at the tunnel end and 
to run the simulation longer to a steady state, a non-reflecting boundary condition should 
be applied at the tunnel end. 
The wavelength obtained from the FE model with fluid loading is shorter than that 
predicted by the long-wave theory. Therefore, we note that the long-wave approximation 
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overestimates the tunnel of Corti's wavelength. The ToC model prediction of the wave-
length at the best frequency place of 4kKz is longer than the estimates from auditory nerve 
recordings of 0.5mm. However, the model estimate of the wavelength might be shorter in 
reality than currently estimated. In fact, by assuming a rigid inner pillars and phalangeal 
cells, and by not considering a pivoting arch of Corti about the Primary Spiral Lamina 
bony shelf may make the resultant ToC model stiffer than it is in reality. Therefore a longer 
wave length estimate might be expected. It is also possible that multiple wave modes exist 
where the arcuate zone would propagate wave with a different velocity from the mode that 
stimulates the inner hair cells. In response to an input incorporating a spatial spread, 
this fluid wave propagates over approximately one wavelength ( with respect to the experi-
mental wavelength estimate of 0.5mm) before it gets attenuated to 18% of its peak value. 
For a localized velocity input without a spatial spread, the wave propagates over a longer 
distance, about 2 wavelengths before it gets attenuated to 37% of the peak value. In both 
cases, the distance over which the wave propagates is shorter than that found using a 
one dimensional hydromechanical [40] but long enough to be of physiological importance. 
Thus, the wave in the tunnel of corti provides an additional longitudinal coupling com-
ponent within the cochlea which may be critical for cochlear amplifier as hypothesized in 
non-classical models of the cochlea mechanics [34]. More recenlty, another source of longi-
tudinal coupling was revealed in [28] which showed that the tectorial membrane(TM) can 
a support shearing traveling wave, which acts directly on the connected OHC cilia. The 
cochlear amplifier could then be the result of a complex interactions between multiple wave 
propagation modes. 
While the structural periodicity may not play an important role in determining the 
wavelength, the permeability of the pillar cell region must play a determinant power mod-
ulation role in an organ of Corti that functions as fluid pump with a flow regulator. As the 
gap size between adjacent pillar cells is increased more power is injected into the tunnel 
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wave, and a smaller fraction of the OHCs input is lost to the gap. The maximum power 
input location moves away from the maximum input velocity location towards the apex. 
For spacing greater than the limiting spacing where a whole pillar cell fits exacltly into the 
gap, the maximum OHC input power asymptotes to 30 % of the input power corresponding 
to the smallest gap size. Also, for this sort of spacing, less than 35 % of the OHC power is 
lost pushing fluid through the pillar cells. 
For the mallest gap size, we estimate the stiffness of the basilar membrane arcuate 
zone to be about 1 order of magnitude less than the equivalent stiffness of pillar cells row. 
However, for gap size equal or larger than the limiting gap size mentioned above, both 
stiffnesses are of the same order of magnitude. This comparison indicates that the pillar 
cells do not present a significant barrier to flow relative to other anatomical structures. 
Although the inner side of the tunnel was modeled as a rigid wall, in reality this is a 
moderately compliant wall, composed of the inner pillar and the phalangeal cells complex, 
which connects directly to the cochlear input receptors: the inner hair cells(IHCs). There-
fore, the tunnel wave motion could effect directly the bulk of the hair cell through this 
phalangeal wall. A more detailed model of the organ of Corti is necessary to unravel the 
relative motion between the OC components, and to help infer the functional dependences 
between these components. A modal analysis of the detailed OC is a starting point for 
achieving this goal. 
2.5 Conclusion 
We have shown that the tunnel can support a traveling wave and that if the spacing between 
pillar cells is sufficient, the power loss due to viscous fluid moving in and out of the tunnel 
through the spaces between the pillar cells will not be excessive. The limiting PC spacing 
found, above which the power loss pushing fluid through the PC row falls below 35 %, is of 
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the order of the PC diameter. This kind of spacing is quite reasonable and has been seen 
along the PC row and at various levels of the image stacks. Therefore, we conclude that 
our results support the hypothesis that the amplifier can function as a fluid pump. 
Chapter 3 
Elastic Material properties of the 
organ of Corti 
3.1 Introduction 
The mechanics of cochlea are primarily the result of the distribution of its cellular com-
ponents and their individual mechanical properties. A common approximation in cochlear 
studies is to treat the organ of Corti as a single structure called the cochlea partition. The 
organ of Corti (OC), however, is in reality a very complex structure made up of many 
different cell types, which are characterized by their individual material properties. The 
effective stiffness of the organ of Corti is , a priori, the result of the stiffness contributions 
from all of these cell types. However, how much each cell type contributes to the OC stiff-
ness can help infer its role, at least in regard to the passive cochlear mechanics. It is also 
very useful to know the distribution of the elastic properties within the OC for modeling 
purposes. Indeed, a reliable prediction of the response of the cochlea not only requires an 
accurate representation of its geometry as well as the material properties of the dominant 
structures within the organ. 
Since the structures of the OC are naturally interconnected, it is preferable to measure 
the individual material properties in-situ. However, in practice, it is very difficult to access 
all the internal structures within the organ of Corti. There is some previous experimental 
work that mapped the cochlear partition point stiffness to its cellular architecture thus 
providing data that can be used to predict the stiffness of the internal components [59, 63, 
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64, 26]. Isolated OC component experiments have also be performed to measure material 
properties of individual cellular components [73, 32]. 
Determining the elastic material properties of the all individual components of the 
organ of Corti for cochlea micromechanical models can be difficult. In fact, no universal 
elastic map of the organ of Corti exists since the properties of the OC for a given species 
vary along the length of the cochlea. The elastic property data from the literature can be 
incomplete and inconsistent. In this chapter, a strategy to obtain the elastic properties of 
the organ of Corti tissues from available experimental data is described and implemented. 
3.2 Method 
The experimental measurements of the organ of Corti's point stiffness performed in [62] was 
simulated using a 3D finite element (FE) model in order to determine the elastic properties 
of the each individual structural component within the OC. The middle turn of the gerbil 
cochlear around the 4kHz place was modeled. The geometry of the model was based on 
direct measurements of the organ of Corti anatomy. 
3.2.1 Accurate representation of the cochlear short section geometry 
Figure 3· 1 shows the dominant cochlear components in the cross section, all of which are 
represented in the model. A 3D zoom in the short section model shows the complete cluster 
of the structural components as described below (see figure 3·2). 
• The basilar membrane (BM) is treated as a isotropic elastic material. The basilar 
membrane pectinate zone (BM-PZ) is connected to the basilar membrane arcuate 
zone (BM-AZ). The Young modulus of each zone is determined based on a stiffness 
gradient factor as measured by Naidu[62] and described in section 3.2.2 below. 
• As it of interest to evaluate the motion of these usually assumed rigid structures, 












Figure 3-1: a) Histolgical section of the middle turn gerbil cochlear cross section enclosed 
in the temporal bone. The BM is indicated by the arrow. The OC sits on the BM. The 
BM +OC complex is suspended between the spiral ligament on the right and the osseous 
spiral lamina ( OSL) on the left. The hammer like structure protruding from the OSL 
is the TM. Surrounding the suspended complex are the scalae fluids. b) Finite element 
representation, with the parts of the cochlear cross section labeled as described in text 
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Figure 3-2: 3D view of the structural components within the OC FE-model including the 
BM, the TM and the OSL. Annotations are as described in the text. One stereocilium is 
visible and appears as a thin line protruding from the OHC's head. The IHC (not shown) 
are embedded in the (Ph) supporting cells. The RL lies on the top of the OHC and PC 
and can be identified on the figure as the thin plate just below the TM. 
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elastic solids. Karavitaki [41] has in fact observed motion of the OPCs around the 
level of the DC-OHC connection. 
• The inner hair cells (IHC), the outer hair cells (OHC) and the Dieter's cells (DC) 
are also represented as cylindrical elastic solid with specified material properties. 
• The reticular lamina (RL) is modeled as an isotropic elastic plate to which the heads 
of the IHCs, OHCs and PCs are firmly attached. 
• The stereocillia are modeled as thin cylindrical elastic solids representing the hair 
bundles. 
• The tectorial membrane (TM) is modeled as a 3D elastic solid with a flat bottom 
surface parallel to the RL. 
• The Hensen cells (HC) region and the region around the IPCs are modeled as 3D 
elastic solid. 
• With the exception of the osseous spiral lamina (OSL), which is somewhat compliant, 
other bone structures are assumed to be rigid walls enclosing the cochlea. 
• The scalae vestibuli (SV), scalae tympani (ST), and the scalae media (SM) of the 
cochlear short section have cross sectional areas based on [24, 25] and their shape are 
determined by visual observation of low resolution images of the gerbil cochlea [25]. 
For the dimensions of the structures and their relative positions, data are based on 
measurements provided in [41, 25]. The dimensions for the middle turn of the gerbil 
cochlea are listed in table 4.1. Well published dimensions are taken from various references 
as listed in the data source column. Unavailable dimensions are estimated from stacks of 
images described in [41]. Some parameters were derived from geometric constraints and 
are listed at the bottom of table 4.1. The resolution of the image measurement provided 
in [41] is 230 nm/pixel. The distance between the centers of adjacent PCs or OHCs is 
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the most accurate because the edges of the structures cannot reliably detected from the 
images. The OHC and PCs radii are approximate. The spacing between row 2 and row 3 
of OHCs seems a bit larger than the spacing between row 1 and row 2, however, the same 
distance between OHC centers in the radial direction were used for all OHC rows. The 
short section comprises 5 OHCs and 5 PCs in each row. The model's total BM width is 
about the maximum BM width measured in the middle-to-apical turn in [61]. 
The actual volumes of the various components of the OC were matched in the FE-model 
using combinations of bolean operations on primitive body shapes representation within 
ADINA. A variety of Fortran scripts were written for automating the drawing process. 
3.2.2 Point stiffness sensitivity analysis to determine Young's modulus 
distribution within the organ of Corti 
Acurately specifying the material properties is an important part in accurately determining 
the natural frequencies of vibrations and mode shapes. The mechanical response of the 
cochlear short section is, in fact, dictated by its material properties. The organ of Corti 
is composed of a variety of cells. For each cell a Young's Modulus and a Poisson's ratio 
must be specified. Since these properties are unavailable by direct measurement, they are 
determined indirectly from the data in [62]. 
There are multiple longitudinal stiffness gradients across the width of the organ of 
Corti. These gradients, summarized in equation 3.1, from in [62] are used to determine the 
material properties of the cells in the organ of Corti model. 
(3.1) 
Here, x and y are the longitudinal and radial coordinates of the location, respectively, and 
c(y), the stiffness gradient dependent on the radial coordinate. kp is the point stiffness of 
any location where the point stiffness experiment was performed. kpo(y), in particular, is 
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Table 3.1: Short section components dimensions for the middle turn of the gerbil cochlea. 
I Parameter description I Parameter value I Data source 
RL/BM angle 27.3° [25] 
RM/BM 51.9° [25] ' 
ToC height 64.0 µm [41] 
IPC length 64.3µm [25] 
BM-PZ width 192.0 µm [25] 
BM-AZ thickness 4.0µm [61] 
BM-PZ thichness 36.0 µm [61] 
OHC length 40.0µm [24] 
IHC length 35.0 µm [24] 
TM width 182.0 µm [25] 
TM thickness 49.3µm [25] 
OHC radius 4.0µm Imaging measurement 
RL thickness 2.0µm [8] 
PC-to-PC center distance 9.0µm Imaging measurement 
Radial OHC-to-OHC center distance 13.62 µm Imaging measurement 
longitudinal OHC-to-OHC center distance 9.0µm Imaging measurement 
PC radius l.7 µm Imaging measurement 
SN width 9.0µm Imaging measurement 
Subtecrotial space thickness 3.73 µm [8] 
Stereocilia radius 0.2µm [8] 
OPC/BM angle 53.1° 
IPC /BM angle 84.5° 
BM-AZ width 67.1 µm 
Total BM width 259.1 µm 
OPC length 81.2µm 
RL width 90.5 µm 
RM thichness 10.0 µm 
Outer cilium length 3.78 µm 
Inner cilium length 2.2µm 
Short section length 45.0 µm 
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the point stiffness value at the base of the cochlea and is dependent on the radial coordi-
nate. Specifically, experimental point stiffness data at 3 radial locations are available for 
the equation 3.1. They corresponds to the point stiffness under the Hensen cells, the pillar 
cells and the BM arcuate zone, and are used to determine the material properties of the 
organ of Corti. 
\ 
As mentioned, the modeled middle turn (CF= 4kHz) short section comprises 5 hair 
cells and 5 pillar cells in each longitudinal row of hair cells and pillar cells, respectively. The 
resulting short section length of 45.0 µm is greater than the experimental space constant 
of 32.8 µm measured in [63]. Symmetric boundary conditions are implemented to further 
double the length of the model. Hence, there are about three space constants within the 
total length of the model. This assures that the section is longitudinally coupled, as it 
is in the experiment. Thus, the experimental point stiffness measurement described in 
section 2.2.2, can reliably be numerically simulated in this short section. 
The experimental point stiffness measurement is simulated to determine the isotropic 
elastic properties of the short section's structural components. The setup is as shown in 
figure 3-3, where the OC is probed from below the BM to determine its stiffness. A linear 
static analysis is performed assuming small displacement and small strain within the OC 
components. 
The point stiffness matching experiment proceeds in the following steps. 
Step 1: Specify a constant poisson's ratio for all cellular components. 
Biological tissues are in general nearly incompressible. A Poisson's ratio value around 0.49 
is adequate for capturing the tissue's incompressibility. We, therefore, chose the Poisson's 
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(a) 





Figure 3-3: Static point stiffness experiment simulation to determine the Young moduli 
of: (a) BM-AZ and BM-PZ; (b) OC structural components. Shown are the deformation of 
the structures in response to a probe forced under BM at a particular radial location. The 
refined mesh regions under the BM are the sites where the probe force is applied. 
58 
Step 2: Determine the BM Young modulus by matching the FE simulation point 
stiffness, defined as the ratio of the applied force to the deflection at the site of force ap-
plication, to the experimental point stiffness of the BM alone (without the overlaid OC). 
Thus deducing the Young moduli of the BM-AZ and BM-PZ using the optimization proce-
dure described in step 4 below. In this case, experimental point stiffness measured at two 
locations under BM-AZ and BM-PZ are used as the target stiffnesses values. 
Step 3: With the Young moduli (E) of the BM fixed from the previous step, determine 
the optimal values of the OC components Young moduli such that the target point stiff-
nesses are matched simultaneously. Assign the starting values E of the OC components, 
as available from the literature and experiments. The pillar cell is composed of packed stiff 
microtubles and is the stiffest structure of the OC . The Young modulus is in the order 
of a few giga Pascal. The stiffness of the isolated OHC is given in [72], from which the 
Young modulus is deduced using the equation 3.2 of a cylindrical truss model. Similarly, 
the Young modulus of the DC is deduced from the same equation using the value of the 
experimental point stiffness under the DCs provided in [62]. 
A cylindrical truss model relates the stiffness of the structure to its Young modulus as 
follows: 
E = kexp XL 
1rR2 
(3.2) 
where, kexp is the experimental point stiffness. L and R are the length and the radius, 
respectively, of the cylindrical cells. 
The Young modulus of the tectorial membrane is deduced from the value of the shear mod-
ulus G of a mouse's TM as provided in [28]. The hair cilia Young modulus is assigned from 
the literature [8]. The Hensen cell (HC) are slightly stiffer than the phalangeal cell (Ph) 
surrounding the inner hair cells but both are soft supporting cells. The RL made up of the 
heads of the hair cells and pillar cells thus could be soft above the OHC's heads and much 
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stiffer above the PC's head. It is treated here as a overall soft homogeneous material. The 
stiffnesses or Young moduli of the HC, Ph and RL are not well known and are considered 
free parameters that can be adjusted in the point stiffness matching procedure. 
Step 4: Match the numerical point stiffness to the radial locations' experimental point 
stiffnesses to deduce the Young modulus of the OC structure. 
The matching process relies on the sensitivity of the local point stiffness to changes in the 
Young moduli of the components. The sensitivity test is performed by decreasing, one 
at a time, the Young moduli of each Young modulus by 1 %, the other moduli remaining 
constant, and perform the numerical stiffness experiment to calculate the change in point 
stiffness. The largest change in the numerical point stiffness corresponds to the most sen-
sitive component and the lowest change in the numerical point stiffness corresponds to the 
least sensitive component. This yields the local gradients of the point stiffness function 
associated with each experiment location with respect to each material's Young moduli, 
which the algorithm uses to adjust the Young moduli to match the radial locations' exper-
imental point stiffnesses simultaneously. 
The problem of matching the model's point stiffness to the experimental point stiffness 
is then: 
To find E = E* such that : ktarget . l N i , 'I,= , , 
where indice i indicates a specific radial location where experimental point stiffness is to be 
matched. The total number of radial locations is N. Eis a M-dimensional vector of Young 
moduli of the elastic materials in OC, where M is the number of components of OC whose 
Young moduli are to be determined. ki(E) is the numerical point stiffness and kfarget is 
the target experimental point stiffness. 
Thus, the problem can be expressed as a least square minimization, where the objective 
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function to minimize is defined as: 
N 
O(E) = L Ci(ki(E) - k;arget)2. (3.3) 
i=l 
In this formula, Ci are constant weights used to indicate how closely should a target be 
matched compared to the other targets. 
The derivatives of the objective function equation 3.3 with respect to E must vanish: 
N 
VE(O) = L Ci(ki(E) - k;arget)VE(ki(E)) = 0, (3.4) 
i=l 
where VE is the M-dimensional gradient operator with respect to the E. 
The point stiffness functions ki(E) and their gradients VE(ki(E)), a priori nonlinear 
functions, are linearized near a starting vector Eo of Young's moduli as: 
E=Eo+tE 
ki(E) ~ ki(Eo) + VE(ki(E)) 0 · 5E 




Equations 3.6 and 3.7 substituted in 3.4 yields a linear system of equations when higher 
order derivatives are neglected. 
The linear system is expressed in matrix form as: 
(Apj + c6pj) 6Ej = bp, p = 1, M j = 1, M 
N 






b = _"' (ko _ ktarget)ko 
p L..., i i i,p' (3.10) 
i=l 
where ki,p = g;;~. A regularization term is added to the matrix of coefficients Aij to insure 
that the matrix is invertible. c « 1 and 6pj is the Kronecker delta representing the identity 
matrix components. 
Note that the quantities ki(Eo) and VE(ki(E)) 0 with components k?,P' which appear 
in the linear system 3.8 are provided by the numerical sensitivity experiment described 
earlier. The system is solved for the appropriate increment JE that matched the point 
stiffnesses to the target stiffnesses. The resulting Young moduli vector Eo + JE provides 
the distribution of Young moduli within the OC. 
A few iterations of the process are required to bring the relative change in each indi-
vidual OC component Young's modulus eE within a small tolerance Ey. This change is 
taken as a measure of the error, eE, on the Young's moduli. Similarly, the relative change 
in the point stiffness with respect to the target point stiffness is defined ek to indicate how 
closely the target is matched. The accuracy relations are expression as: 
(3.11) 
(3.12) 
where Eoj and k are updated at each iteration. 
The Gauss-Newton optimization method just described is a variant of the more gen-
eral Newton's method. As such, only local convergence is possible. That is, the method 
converges only if a sufficiently accurate starting vector Eo is used. This starting vector is 
found here by trial and error, iterating back and forth between point stiffness locations and 
linearly adjusting the Young's modulus of the structure directly above the point stiffness 
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location. This assumes that the other components do not contribute to this point stiffness, 
which is not necessarily true as shown in the sensitivity test. 
3.3 Results 
3.3.1 Distribution of Young's modulus (E) within the cochlear short sec-
tion 
The point stiffness matching procedure described in the method section 3.2.2 is used to 
obtain the distribution of Young's modulus within the middle turn short section of the 
gerbil cochlea. The result is summarized in table 4.2. 
Table 3.2: Young's modulus distribution within the middle turn of the Gerbil organ of Corti. 
BM-AZ OHC/IHC DC RL HC Ph 
E in kPa 964.72 2.41 1.07 X 10 247.24 3.51 3.52 
Cilium TM PC BM-PZ OSL 
E in kPa 2.00 X 10 30.12 1.59 X 10 273.95 1.00 X 10 
The target experimental point stiffnesses were from N = 3 radial locations accross 
the basilar membrane of the middle turn of the gerbil cochlea. The probe locations are, 
(1) under the BM-AZ, (2) under the BM-PZ and (3) under the foot of the OPC, and 
the experimental point stiffnesses, obtained from [62] using formula 3.1, are 0.6180 N/m, 
0.7816 N/m and 1.6310 N/m respectively. 11 cellular components of the short section are 
accounted for, leading to M = 11 elastic properties (E) of the cochlear short section to be 
determined. The materials are arbitrarily numbered and ordered from 1 to 11 as indicated 
in parentheses in table 3.3 summarizing the convergence results. 
Two iterations of the algorithm are performed. After the second iteration, the error eE 
on the Young's modulus of each component is brought to below ET= 10%. The error ek in 
table 3.4 shows how closely the target point stiffnesses were matched after the 2 iterations. 
Iteration O corresponds to the pair (Eo, ko) of which ko = k(o) is used to compute the error 
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e~ using formula 3.12. Note that superscript indicates the iteration number. Iteration 1 
computes the updated vector E(l) = E 0 + JE(l), which yields the new point stiffness k(l) 
at the end of the first iteration, hence ei1). The new updates are used for the next iteration 
to calculate ei2). 
Table 3.3: Gauss-Newton iteration results for the middle turn short section: Error ee. 
OC structure Iteration 1 Iteration 2 
(Material number) Eo (105 Pa) E (10b Pa) eE (%) Eo (10° Pa) E (105 Pa) eE (%) 
BM-AZ (1) 9.6000 9.6310 0.323 9.6310 9.6472 0.168 
OHC/IHC (2) 2.3900 2.4073 0.726 2.4073 2.4100 0.114 
DC (3) 10.7000 10.7450 0.421 10.7450 10.7464 0.013 
RL (4) 2.4600 2.4718 0.478 2.4718 2.4724 0.023 
HC (5) 0.03500 0.03497 0.097 0.03497 0.03509 0.356 
Ph (6) 0.03500 0.03520 0.579 0.03520 0.03521 0.014 
Cilium (7) 200.0000 200.6600 0.328 200.6600 200.6600 0 
TM (8) 0.3000 0.3011 0.379 0.3011 0.3012 0.015 
PC (9) 1.13 X 104 1.53 X 104 35.898 1.53 X 104 1.59 X 104 4.186 
BM-PZ (10) 4.0000 2.5484 36.290 2.5484 2.7395 7.500 
OSL (11) 1.0 X 105 1.0 X 105 0 1.0 X 105 1.0 X 105 0 
Table 3.4: Gauss-Newton iteration results for the middle turn short section: Error ek. 
Stiffness iteration 0 Iteration 1 iteration 2 
location k(o) (N/m) ekuJ (%) k(l) (N/m) ek1J (%) k( 2) (N/m) etl) (%) 
Under BM-AZ 0.6110 1.1327 0.6150 0.4830 0.6180 0.0084 
Under BM-PZ 1.0246 31.0901 0.7332 6.1934 0.7813 0.0425 
Under PC-foot 1.3535 17.0141 1.5875 2.6677 1.6304 0.0337 
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3.3.2 Sensitivity of the point stiffness under the Basilar membrane to 
changes in the Young's modulus of the organ of Corti's components 
We have determined the sensitivity of the point stiffness at the N = 3 radial locations 
across the BM. The sensitivity function S is defined as the ratio of the relative change in 
point stiffness to the relative change in E as expression in formula 3.13 
\ 
(3.13) 
where, indices are as previously defined. 
Refering to the numbering in table 3.3 of the different materials in the OC, the sensitivity 
function is plotted on a linear and semi-log scales in figure 3-4. 
As shown in figure 3-4, the 3 point stiffnesses are mostly sensitive to changes in the BM and 
PC's Young's moduli, with sensitivity values range [0.02 - 1.0]. On the other extreme, 
the cilia and the osseous spiral lamina (OSL) ,with zero sensitivity values, do not affect 
point stiffness measurements from the BM side. 
The Hensen cells (HC) contributes to the stiffness under BM-PZ (S = 0.04), slightly affects 
the stiffness under the outer pillar foot (S = 8 x 10- 3), but has almost no effect on the 
stiffness under the BM-AZ (S = 6 x 10- 4). 
It is found that the sensitivity of the point stiffnesses to the Dieter's cell (DC), the reticular 
lamina (RL) and the tectorial lamina (TM) is less than 2 x 10- 3 . There are, therefore, 
nearly insensitive to this structures. 
The Hair cells (OHC/IHC) Young's modulus change affects the stiffness under BM-PZ and 
under the OPC foot with sensitivity values (7 x 10- 3 ) and (8 x 10- 3 ), respectively. But, 
the hair cells play a lesser role in defining the stiffness under BM-AZ (S = 10- 3)). 
We can also noted that point stiffnesses are in general most sensitive to changes in the elastic 
properties of the structures directly in contact with the probe, i.e., the stiffness under BM-
PZ is maximally sensitive to the BM-PZ, the stiffness under BM-AZ is more sensitive to 
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Figure 3-4: Sensitivity of point stiffness under BM to change in OC components' Young's 
modulus. Dashed lines serve only to guide the eyes. OC components numbering: 1 == 
BMAZ· 2 == OHC/IHC· 3 == DC· 4 == RL· 5 == HC· 6 == Ph· 7 == Cilium· 8 == 
' ' ' ' ' ' ' 
TM; 9 == PC; 10 == BM-PZ; 11 == OSL 
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BM-AZ. The exception is the stiffness under the OPC foot. While the contacting structure 
is the BM-AZ, the point stiffness is most sensitive to the PCs. This is indicated by the 
optimum of the graph for the stiffness under OPC-foot. 
3.4 Discussion 
We have determined, based on experimental point stiffness values measured across the 
basilar membrane, the distribution of Young's moduli within the middle turn section of 
the gerbil organ of Corti. This distribution displays the material heterogeneity within the 
organ of Corti associated with the spatial organization of cellular components. The Young's 
modulus values of the elastic materials ranges from 2.41 K Pa to 10 G Pa for the cochlea 
section studied. In particular, the Young's modulus of the PC found using our sensitivity 
analysis method is 1.56 K Pa. This value compared very well with the experimentally 
determined Young's modulus value of 2 K Pa from measurements of the PC microtubule 
bundles' stiffness in [73]. Similarly, the experiment in [32] provides OHC axial compliance 
in the range 0.04-1.2 Km/N for OHC 20-80 µmin length. For the length of 40µm used in 
the present model and with a cylindrical truss model of the OHC, this compliance range is 
converted into Young's moduli in the range 0.7 - 20 K Pa. The sensitivity analysis yielded 
2.41 KPa for the OHC Young's modulus. This estimate of the OHC Young's modulus is 
well in the experimental value range. 
The point stiffness gradients computed in the process of obtaining the Young's modulus 
distribution defines how small changes in the Young's modulus of each individual OC 
component affect the point stiffness measurement. Moreover, if the point stiffness is a linear 
function of the Young's modulus, then this sensitivity test can account for large changes 
as well. This information can be useful in the design of actual experiments. Knowing, 
for example, that a specific point stiffness measurement is not particularly sensitive to 
certain cellular components could be used to verify the model if one or several of these 
cellular components were damaged and the stiffness measurement did not change. The 
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tectorial membrane could for example be removed and should not alter the point stiffness 
measurement on the BM, or the Dieter's cells could be damaged to see if the BM stiffness 
changes. Conversely, potential point stiffness measurement sites could be explored to find 
locations that are more sensitive to cell types of interest than the locations used in the 
currently available data. 
It was found in [62] that the point stiffness under the BM decreased when the OC cells 
were removed from the BM. Thus, the OC components contribute in stiffening the BM. 
It seems natural to attribute this stiffening to the component just above the measurement 
location. However, the sensitivity test performed here reveals that the increase in the point 
stiffness under the BM is not the result, alone, of the stiffness of the OC component directly 
above the BM. The stiffness is mainly influenced by the PC whose stiffness spreads across 
the radial direction. 
The sensitivity analysis shows that the BM and the PCs dominate the passive mechan-
ics of the cochlear short section. Perturbation of the bony shelf Young's modulus value, 
which is the highest of the section, does not affect the point stiffness deflection under the 
BM. This implies that the bony shelf can be modeled has a hard wall with clamped bound-
ary condition at the BM junction. 
Note that, here, in the point stiffness sensitivity procedure, we have chosen three rep-
resentative points across the BM in the radial direction as our experimental target point 
stiffnesses. It is possible to obtain a more accurate mapping of the Young's moduli by fill-
ing in the gaps more target points. However, we do not expect this refinement to alter the 
conclusion that the BM and the PCs dominate the passive cochlear mechanics. It would 
be more productive to instead make stiffness measurements from the top side of the organ. 
Other factors that may affect the stiffness matching results are: (1) the accuracy of the 
experimental stiffness values that are being matched. (2) The modeled cochlear geometry 
and materials. The actual geometry must be well represented and the model must capture 
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the known material behavior such as material non-linearity and anisotropy. (3) The proper 
boundary supports must be modeled. (4) The uniqueness of the matched solution may be 
questionable. 
We assume that the experimental values of the point stiffness are fairly accurate. Here, 
the materials model used is linear and isotropic. Although most biological material are 
usually anisotropic, in the cochlea, besides the basilar and tectorial membranes which are 
fibrous with fibers arranged such as to enforce orthotropic properties, the remaining cellu-
lar components of the organ of Corti can be considered isotropic and linear materials, to 
a first approximation. It is also well known that this fibrous feature in the TM and BM is 
very much pronounced in the basal part of the cochlear spiral, and decreases in density as 
it progresses apically. The middle and apical cochlear material can therefore be modeled as 
isotropic without significantly jeopardizing the results. In the present middle turn model 
the geometry is very accurate. It includes most of known details of the organ of Corti and 
the interstitial space that are usually ignored in cochlear models. There was no unrealistic 
assumptions on the boundary conditions as all of the components are interconnected and 
the bony shelf is discretized as a relatively hard elastic solid. The temporal bone wall 
enclosing the scalae fluid is rigid and is assumed so in the model. It is possible that the 
Newton method may not yield a unique solution. However, with the initial guess used 
based on experimentally know estimates for the internal components of the organ of Corti, 
the stiffness distribution converges quickly and most likely is the solution within the error 
bound found. 
3.5 Conclusion 
We have developed a method to determine the elastic properties of the organ of Corti 
(OC) cellular components from experimental point stiffness data. This method is partic-
ularly useful for modeling purposes. It can systematically be applied to any section along 
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the cochlea to determine the properties of the individual components of OC section, pro-
vided point stiffness measurement data are available. The map of the proprieties provides 
information on the dominant features and can be used to infer their function. 
We have implemented the method to provide the elastic properties map of the OC based 
on a realistic model for the middle turn location tuned to 4kH z. The material property 
results indicate that the structural elements within the OC that dominate its stiffness are 
the basilar membrane and the pillar cells. This suggests that these two components control 
the passive mechanics of the OC. 
Chapter 4 
Resonant micromechanical 
response of the organ of Corti 
4.1 Introduction 
4.1.1 Motivation 
There is evidence that the resonant response of the organ of Corti is characterized by 
multiple modes of vibration. 
Lin and Guinan [49] reported that responses of cat auditory nerve fibers (ANF) to 
high level clicks show phase reversals. These phase reversals depend on the characteristic 
frequency of the ANF, the click level and the latency of the response. These phase reversals 
are hypothesized to be due to the interactions of multiple excitation drives, each drive 
corresponding to a single vibration mode of the cochlear partition. For the range of CFs 
examined in their paper, Lin and Guinan conclude that at least three resonant modes 
contribute in the responses from an intact cochlea. 
Further evidence for this hypothesis comes from modeling studies. Mountain and 
Cody [19, 56]. In their later model, Mountain and Cody [56] assume that the input to the 
IHC is the sum of three different excitation pathways each of which could be associated 
with a different vibration mode of the OC. The modeling results capture the complexity 
of the IHC receptor potential for most of the stimulus conditions and provide theoretical 
evidence of multiple vibration modes in the OC. 
We study in this chapter the resonant response of a realistic model of a cochlear short 
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section by performing a modal analysis. We interpret the modal results in terms of the 
vibrational response when traveling waves are present at a given peak location. A transient 
analysis is also performed to analyze the dynamics of the subtectorial space. 
The cochlea is composed of several structures including the organ of Corti, the basilar 
membrane and the tectorial membrane. These structures are bathed in fluids. A common 
approximation in cochlear (inner ear) studies is to treat the organ of Corti (OC) as a single 
structure called the cochlear partition. The OC, however, is in reality a complex structure 
made up of many different cell types, structures, and significant extra cellular fluid-filled 
spaces. It is likely that this complex structure plays an important role in cochlear function, 
and plausible that that role is mechanical. In order to assess a realistic in-vivo mechanism 
within the OC it is desirable to represent the detailed structural arrangement within it. 
The natural complexity of the cochlea suggests the use of a 3D cochlea model for an 
accurate investigation of the cochlear micromechanics. Indeed, the superiority of the three 
dimensional model over the one and two dimensional model has been proven in [47, 71], 
especially for capturing the short wave cochlear mechanics. In addition, several factors 
support the need to include radial fluid exchange in the cochlear micromechanical model: 
• Hubbard in his non-classical transmission line model [34] of the cochlar amplifier, 
found that when fluid flow is blocked, the traveling wave amplifier model fails to 
replicate experimental data. 
• Karavitaki and Mountain's [40] experiments showed that radial fluid flow leads to 
oscillating flow along the tunnel and suggested that it could be critical in providing 
additional longitudinal coupling, which is essential to explain non-classical models of 
cochlea amplifier such as that implemented in [34]. 
• Steele [70] in his WKB wave model of the cochlea acknowledged the importance of 
radial fluid exchange. He attributed the exaggerated pressure mode found in the 
72 
tunnel of Corti to the neglect of radial fluid exchange. This same problem was also 
encountered in [12] with a WKB model with no interstitial space in the ToC. 
• In a preliminary study, when comparing the natural frequencies of the OC with and 
without spaces between the pillar cells, we found that natural frequencies without 
spaces were considerably larger than when spaces were included. 
A modal study of an accurate cochlea section is very useful for understanding how 
the components of the organ of Corti interact under specific input conditions. The driven 
response of the organ will involve the superposition of these modes; therefore, the modal 
information, by itself, aids understanding or explaination of experimental results. More-
over, the response of short section when wave are present can be inferred based on the 
following analyis. 
4.1.2 Background 
A pure tone wave transmitted at the stapes to the scalae vestibuli fluid produces a fluid 
pressure gradient across the OC, thus generating a traveling wave within it. This wave 
propagates apically with increasing energy to a predetermined location where it stops. The 
wave stops propagating at the location where the OC section components resonate, and 
there the energy is used to produce the input to the auditory nerves. The resonance fre-
quency of a short section of the cochlea is therefore the frequency code by which a pure 
tone signal is delivered to the desired location along the cochlea. 
Resonance may be described in terms of a limiting case of waves propagating along the 
cochlea. For a given wavelength.\, the frequency of propagation may be written as [48]: 
(4.1) 
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Here ryef f is the effective stiffness (per unit length) of the short section, and ms and m f ( >.) 
are the effective masses per unit length of the structural and fluid components of the short 
section, respectively. We note that m1(>.) is a function of the wavelength of propagation. 




Here, WD is the resonance frequency of the cochlea short section without fluid. 
As seen in equation (4.2), with fluid, the propagation frequency is modified by the ratio 
of the masses of the fluid and structural components of the section. In an isolated short 
section with fluid, it can be predicted that fluid will lower the drained limiting frequency 
by the factor in the denominator. Since the fraction of fluid is, in general, larger than the 
structures, m1 » ms, WR will be significantly smaller than WD. 
As stated above, the mass of fluid contributing to the propagation is wavelength de-
pendent, m1 = m1(>.); more precisely it is proportional to the powers of wavelength [48]. 
At low frequencies where the wavelength is large, the situation is similar to the case of the 
vibrating isolated fluid-filled cochlear short section described above. However, at higher 
frequencies, the wavelength becomes smaller and the fluid contribution is minimal. At the 
CF of a particular location of interest along the cochlea, the wavelength is the shortest 
(zero in the first approximation), and the inertial contribution of the fluid to the resonance 
frequency may be neglected. This is the case in the region where the wave peaks, where 
the partition components resonate, and which is investigated in this chapter. 
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Indeed, when m1 « ms, equation 4.2 becomes: 
(4.4) 
Thus, the resonance frequency of the short section is almost identical to the drained reso-
nance frequency, and the modes are likewise identical. As we know, the fundamental mode 
is the dominant component in the response of any vibration system. Therefore, the study 
of the fundamental mode of vibration of the drained cochlear short section can shed light 
on the interaction between the components of the passive organ of Corti at the sensitive 
location of the cochlea. We also investigate the fluid-filled cochlea short section modes as 
they relate to the long wave response of the section. We, then, assess the effect of fluid 
inertia and viscosity in the subtectorial space, where the sensing cilia are embedded, by 
performing a transient simualtion of the cochlear short section filled with viscous fluid. 
Here, we study the middle turn short section of the gerbil cochlea at the 4kH z place. 
The other cochlear locations can easily be implemented following the method described 
below. 
4.2 Method 
An accurate cochlea short section response prediction requires a proper modeling. The 
geometry must be accurately represented, the material properties properly matched to 
accurately known experimental data, and a reliable solution scheme must be available. 
Thus, all the salient features of the organ of Corti, as known and made available from 
the anatomical measurement, are included as described in Chapter 3. A detailed three 
dimensional representation of the organ of Corti including the interstitial fluid within the 
OC is simulated. The histological sectioning of the actual middle turn section of the gerbil 
cochlea and the finite element representation are shown in figures 1 ·3. The detailed OC 
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representation showing the various cellular components is shown in figure 3·2. 
The BM and OC complex is suspended between the spiral ligament on the right and 
the osseous spiral lamina (OSL) on the left. The OSL is discretized as an elastic solid 
within the FE-model, which eliminates the need for modeling special end supports such as 
hinged or clamped BM-AZ or IPC end. The spiral ligament side is well-know to be rigidly 
supported. The hammer like structure protruding from the OSL is the TM. The cellular 
complex within the short section are loaded with fluids. 
Although, in vivo, the passive resonance is localized, the extent of the resonant short 
section is not well known. The actual boundary conditions at the ends of the short section 
are not known. Here, in order to study a detailed short section, we examine a situation 
where a 90.0 µm OC short section at the 4kHz place of the gerbil cochlea, is steadily moved 
up and down by the wave peak. This hypothetical, excitational standing wave motion at 
resonance is symmetric about the peak amplitude location. The wavelength estimate at 
this location is 500 µm, which is about 5 times greater than the length of the short section 
considered. The degree of longitudinal coupling is measured by the space constant, which 
quantifies how the motion of a longitudinal section of the organ of Corti affects its closest 
neighbors, was determined experimentally in [63], and corresponds to 32.8 µm for the lo-
cation of interest of 4 KHz. The short section represented here is about 3 times the space 
constant, and therefore accounts well for longitudinal coupling. The short section end 
boundary conditions are described later on as the invicid and visous cases are addressed. 
The material properties of each component of the section obtained in chapter 3 are used 
in this simulation. The OC components dimensions and material properties are given in 
tables 4.1 and 4.2. 
In this study, determining the modes of vibration of the short section relies essentially 
on ADINA's [5] performance for calculating vibrational modes for complex geometrical 
structures involving fluid-structure interaction. The finite element method is implemented 
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within ADINA. The geometry of the short section is discretized with finite elements, the 
material properties are specified, and the appropriate boundary conditions are applied. 
The free vibration of the short section provides the natural frequencies and the associated 
vibrational mode shapes of all the structures and the fluid by solving an eigenproblem of 
the form: 
[K-w 2 M-wC]¢ms = O; (4.5) 
Here the matrices K and M correspond to the stiffness and inertia effects of the fluid and 
the structures, and the full fluid-structure coupling in expressed in matrix C. ¢ms contains 
the nodal structural displacements and fluid velocity potential. 
In this formulation of the modal analysis, the fluid is assumed inviscid, and is described 
by means of fluid velocity potential. The displacement of the structures are assumed small 
and a linear acoustic formulation is implemented to handle fluid compressibility. 
The boundary conditions are implemented at the ends of the short section model, where 
one end is stress release ( the fluid potential degree of freedom is deleted and the displace-
ment degrees of freedom are free on the boundary) while a symmetry boundary condition 
is implemented on the opposite face of the model. The symmetry boundary condition 
imposes the natural condition on the fluid boundary (the fluid potential degree of freedom 
is free, implying no fluid flow in the direction normal to the boundary) and zero displace-
ments in the direction normal to the boundary of the structures. 
In the transient computation the geometry of the model is identical to that in the mode 
calculation. The properties of the organ of Corti's cellular components are also preserved, 
as listed in table 4.2. In constrast with the modal analysis case, here, the incompressible 
cochlear fluid is viscous. The coefficient of viscosity and the density of the cochlear fluid 
are taken the same as those of water (µJ = 1.12 x 10- 3 Pa• s, p = 1000 Kg/m 3 ). At the 
fluid and structure interfaces, the Navier-Stokes equations is coupled to the incompressible 
elastic equations of the structures of the organ of Corti. This interaction is approximated, 
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assuming that the structural deformations are small and do not affect the fluid flow pattern 
while the stress in the fluid which is generally large is applied to the structures to compute 
their resulting displacements. This approximation is realized through the 'the one-way 
coupling' option implemented in ADINA. 
A symmetric boundary condition is implemented as in the case of inviscid cochlear 
fluid. On one end of the short section, no displacement in the longitudinal (x-direction) is 
allowed on the structural components, while the longitudinal velocity is suppressed on the 
fluid boundary. These fixed variables are free on the other end of the short section. We 
perform a transient simulation of either a uniformly distributed pressure input in the scalae 
tympani, or a pair of uniform velocity inputs, in opposite longitudinal direction, in the scala 
tympani and scala vestibuli to assess the short section response in presence of fluid viscosity. 
4.3 Results 
The fundamental frequencies and modes of vibration results are computed for three cases: 
the drained, the OC-fluid filled and the completely filled short sections are presented in 
this section. Results from the transient simulation of the viscous fluid-structure interation 
are shown at the end of the section. 
4.3.1 Vibration mode of the drained cochlear short section 
As demonstrated in the introductory section, the resonance mode shapes of the drained 
cochlear short section may represent the cochlear micromechanical motion at the peak re-
sponse. 
We have calculated the natural frequencies and modes shapes of the drained section. 
The first three modal frequencies of the short section at the 4kHz place in the middle turn 
of the gerbil cochlea are Fl = 2.66 kHz, F2 = 2.87 kHz and F3 = 4.04 kHz. 
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Table 4.1: Short section components dimensions for the middle turn of the gerbil cochlea. 
I Parameter description I Parameter value I Data source 
RL/BM angle 27.3° [25] 
RM/BM 51.9° [25] 
ToC height 64.0 µm [41] 
IPC length 64.3µm [25] 
BM-PZ width 192.0 µm [25] 
BM-AZ thickness 4.0µm [61] ' 
BM-PZ thichness 36.0 µm [61] 
OHC length 40.0 µm [24] 
IHC length 35.0 µm [24] 
TM width 182.0 µm [25] 
TM thickness 49.3µm [25] 
OHC radius 4.0µm Imaging measurement 
RL thickness 2.0µm [8] 
PC-to-PC center distance 9.0µm Imaging measurement 
Radial OHC-to-OHC center distance 13.62 µm Imaging measurement 
longitudinal OHC-to-OHC center distance 9.0µm Imaging measurement 
PC radius 1.7 µm Imaging measurement 
SN width 9.0µm Imaging measurement 
Subtecrotial space thickness 3.73µm [8] 
Stereocilia radius 0.2µm [8] 
OPC/BM angle 53.1° 
IPC /BM angle 84.5° 
BM-AZ width 67.1 µm 
Total BM width 259.1 µm 
OPC length 81.2µm 
RL width 90.5 µm 
RM thickness 10.0 µm 
Outer cilium length 3.78µm 
Inner cilium length 2.2µm 
Short section length 45.0 µm 
Table 4.2: Young's modulus distribution within the middle turn of the Gerbil organ of Corti. 
BM-AZ OHC/IHC DC RL HC Ph 
E in kPa 964.72 2.41 1.07 X 10::5 247.24 3.51 3.52 
Cilium TM PC BM-PZ OSL 
E in kPa 2.00 X 104 30.12 1.59 X 10° 273.95 1.00 X 107 
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The fundamental vibration mode, Fl = 2.7 kHz, corresponds to the passive response 
of a drained organ of Corti at the 4kHz place, and is presented in figures 4-1 and 4-2. In 
this mode, the dominant motion of the OHCs is the contraction-elongation motion. The 
OHCs, also, are seen to bend in the radial direction: the first two rows of OHCs move 
in phase, while moving out of phase with the third row. The TM and the BM-PZ are 
pulled back and forth in the transverse direction, in phase, as the OHC elongates and 
contracts. The largest motion is on the RL-TM side as compared with the BM motion, 
which is about an order of magnitude smaller. The outer cilia are sheared to the left as 
OHC elongates and RL-TM moves up. There is a differential motion between the RL and 
the TM, which suggests a squeezing of the subtectorial space. Such a squeezing would 
necessarily be accompanied by fluid flow. In this mode, the BM-AZ and BM-PZ move in 
phase. The arch of Corti pivots about the inner pillar cell (IPC) foot. This pivoting motion 
leads to a significant tilting motion in the RL in the inner hair cell region. 
The next two modes, F2 and F3, of the drained OC are shown in the pairs of fig-
ures ( 4-3, 4-4) and figures ( 4-5, 4-6), respectively. 
Particular attention is paid to the third mode of vibration as it is nearly identical to 
the OC vibration response to electrically evoked OHC motility, as shown in figure 4-7. The 
OHC-motility induced motion of the OC shown respresents the overall response observed 
at low frequencies of electrical stimuli [41]. The relative motion of the OC components are 
shown by the arrows on the figure. The motions of the OHC-motility induced OC response 
are a collection of several experimental findings as clarified in reference [41]. For example, 
the anti-phase motion between the arcuate zone and pectinate zone of the BM was not 
observed in the experiment; this maybe because the displacements of the BM were in the 
noise level; the inward motion at the HC foot, or the RL motion toward the BM-PZ were 
also not seen, presumably for the same reason. Experimental results by others (see refer-
ence [39]) were added to show a complete picture of the OC motion. In the present modal 
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Figure 4-1: Fundamental vibration mode, Fl = 2.7 kHz, of the drained OC short section 
at the 4kHz place. The deformed shape is superimposed on the undeformed shape, shown 
in the background. This mode is dominated by the motions of the OHC, RL part above 






Figure 4-2: Fundamental vibration mode, Fl = 2. 7 kHz, of the drained OC short section 
at the 4kHz place. The deformed shape is superimposed on the undeformed shape, shown 
in the background. This mode is dominated by the motions of the OHC, RL part above 
the OHC, TM and the cilia. These components have the largest motion and are plotted 
separately on the top plot. The bottom plot displays motion magnified about an order of 
magnitude, to render smaller motion visible. As the arch of Corti pivots about the (inner 
pillar cell) IPC foot, there is a large tilting motion of the RL in the IHC region. 
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Figure 4-3: Vibration mode, F2 = 2.9 kHz, of the drained OC short section at the 
4kHz place. The deformed shape is superimposed on the undeformed shape, shown in the 
background. This mode is dominated by the Hensen cells. 
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Figure 4-4: Vibration mode, F2 = 2.9 kHz, of the drained OC short section at the 
4kHz place. The deformed shape is superimposed on the undeformed shape, shown in 
the background. This mode is dominated by the Hensen cells. The bottom plot displays 
displacement of the OC components, magnified ~ 25 % more than the top display to show 
distinct motion. 
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Figure 4-5: Vibration mode, F3 4 kHz, of the drained OC short section at the 
4kHz place. The deformed shape is superimposed on the undeformed shape, shown in the 




Figure 4-6: Vibration mode, F3 4 kHz, of the drained OC short section at the 
4kHz place. The deformed shape is superimposed on the undeformed shape, shown in the 
background. The bottom plot displays displacements of the OC components, magnified 
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Figure 4-7: a) Third vibration mode, F3 = 4.04 kHz, of the drained OC short section 
at the 4kHz place. b) OC vibrational response to evoked OHC motility at low frequencies 
electrical stimuli [41]. The OC response to OHC motility at low frequencies is dominated 
by the third mode of the drained OC observed at F3 ,::;; 4kH z. 
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analysis, the anti-phase motion of the BM was also not observed either for mode 3. In 
fact, the modal analysis shows BMAZ motion to be very small compared with the BMPZ, 
but in phase nevertheless. Thus, with the exception of the RL motion toward BM-PZ near 
the RL-HC junction, it is striking how this complex motion can be replicated in one single 
mode of vibration occuring at the tuning frequency of the cochlear short section modeled. 
The electrical-evoked motion of the OC expresses a combined response of several modes, 
of which the third mode of the drained OC is apparently dominant. 
In order to assess the effect of mesh size on the modal frequencies, the OC components 
that had the largest impact on the OC's mechanical properties were refined and the fre-
quency analysis was repeated. The most sensitive components as described in Chapter 3 
are the PCs and the BM. The number of finite elements in the PC crossection was quadru-
pled, then further mesh refinement was obtained by quadrupling the number of elements 
through the thickness of the BM. Mesh refinement of PCs alone did not change the modal 
responses; there was less than 0.5% decrease in modal frequencies for the first 3 modes. 
The additional refinement of BM yielded 0.37% decrease for the fundamental mode, 1.88% 
for the second mode and 3.56% for the third. These changes due to mesh refinement are 
less than 5%. We conclude, therefore, that the frequencies and mode shapes obtained may 
be regarded as converged to this level of accuracy. 
4.3.2 Vibration mode of the cochlear short section with QC-fluid 
In our interpretation of the resonance as a limiting case of wave propagation along the 
cochlea, the interstitial OC fluid may be considered as part of the OC structures since 
it does not communicate with the scalae fluids. In the actual cochlear mechanics, as the 
wavelength becomes smaller near the sensitive region, the scalae fluid inertia is confined 
to a thin layer around the cochlear partition composed of the OC, the TM and the BM. 
We examine the fundamental mode of the OC-fluid filled organ of Corti as the resonant 
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cochlea wave mode. 
The fundamental frequency of the fluid-filled OC is Fl = 2.1 kHz. This is an octave 
downward shift with respect to the best frequency of 4 kHz. The mode shape of the 
structural components of the OC, in the presence of fluid, is shown is figure 4-8. The 





Figure 4-8: Complex motion of the OC structural components in the presence of the 
OC-fluid of the fundamental vibration mode, Fl = 2.1 kHz (4kHz place location of 
the short section). In-phase downward motion of BM-PZ and the OHC heads along the 
OHC/DC axis (with a larger motion on the OHC site), resulting in an inward motion of 
the OC walls formed by the BM-AZ, the Hensen and Phalangeal supporting cells. The 
RL shows a bulging motion above the OHC heads, and a tilting motion in the inner hair 
cell region. All three rows of OHCs move in phase as they bend radially. The deformed 
shape is superimposed on the undeformed shape, shown in the background. Large motion 
(on the top) and small motion (at the bottom) are separated for a better visualization. 
Displacements are magnified to show distinct motion. 
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As can be seen from these figures, the presence of the OC fluid substantially modifies 
the fundamental mode of vibration as compared with the drained structural fundamental 
mode. The arch of Corti, formed by the PCs, barely pivots this time. The BM-AZ and the 
Phalangeal supporting cells bulge inward toward the center of the tunnel of Corti while the 
OHCs retract radially. All three rows of OHCs (and DCs) move in phase. The BM-PZ and 
the OHC heads attached to the RL move in phase transversely with a smaller displacement 
at the BM site; the BM-PZ is pushed down transversely by the DCs. As a result, the BM-
AZ and the BM-PZ move out of phase. The Hensen supporting cells region move in phase 
with the BM-PZ, however the outer tunnel wall moves out of phase with the OHCs. The 
RL shows a bulging motion above the OHC heads, and a tilting motion in the inner hair 
cell region. This description of the structure motion can be summarized as an OC cross 
sectional area change due to the bending of the OHCs, leading to a redistribution of fluid 
in both the cross section and the longitudinal direction as a result of fluid incompressibility. 
The fluid motion is anticipated to be maximal around the OHC and the outer tunnel, and 
to also flow in the longitudinal direction towards the open end of the tunnel of Corti. 
The resulting OC fluid flow distribution, shown in figure 4-9, is consistent with the 
structural motion. There is maximal flow through the OHC and minimal flow through 
the PCs into the tunnel of Corti. The fluid pressure is directly proportional to the fluid 
potential, and the fluid velocity is given by the gradient of the fluid potential. 
In the first quadrant of the figure, the 3D flow pattern in the OC is presented. In the 
phase shown, fluid is drawn from the Hensen cells interface towards the ToC as indicated 
by the positive gradient of the fluid potential field (in the positive Y-axis direction). Over 
a frequency cycle, the fluid moves in and out of the outer tunnel both in the radial (along 
the Y-axis) and longitudinal (along the X-axis) directions through the OHCs, PCs and 
DCs as shown on the various slices through the fluid domain. In the top right quadrant, a 
radial slice through the OHCs (normal to the OHC axis) reveals the internal flow pattern. 
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Figure 4-9: OC fluid flow pattern in the Fundamental vibration mode, Fl = 2.1 kHz, 
of the short section at the 4kHz place. Note: fluid velocity is given by the gradient of the 
potential field and pressure is directly proportional to the fluid potential. [Top left]: 3D 
flow pattern in the OC; In the phase shown, fluid is drawn toward the Hensen cell interface 
as indicated by the gradients of the fluid potential field. [Top right]: a radial slice through 
the OHCs (normal to the OHC axis) revealing fluid flow through the OHCs and PCs both 
in the longitudinal (X-axis) and toward the ToC along the cutting surface. [Bottom left]: 
a similar cut at the DCs level with similar flow pattern. [Bottom right]: a vertical cut 
through the second row of OHCs show little fluid flow into the ToC. 
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cut at the DCs level shows a similar flow pattern. A vertical cut through the second row 
of OHCs is displayed in the fourth quadrant and indicates fluid flow into the ToC. 
Figure 4-10: OC structural motion for mode 2, F2 = 2.6 kHz, characterized by TM 
pushing down on the RL and the OHC. As a result the OHCl and OHC3 bend slighly 
outward. The bottom display shows displacement magnified ~ 67 % more that the TM 
displacement. These displacement are very small compared to the top display: Monphasic 
BM motion, and pivoting of the arch about the inner PC foot. 
The structural modes for the next two modes are shown in figures 4-10 and 4-12, 
respectively. The corresponding OC fluid flow for these two modes is presented in figure 4-11 
and 4-13, respectively. Mode 2 is characterized by the TM pushing down on the RL and 
the OHC towards a high impedance BM, leading to fluid flow downward and out of the 
OC. Mode 3 is dominated by the motion of OHC2 and OHC3, resulting in flow restricted 










































Figure 4-11: OC-fluid flow in vibration mode 2, F2 = 2.6 kHz, of the short section at the 
4kHz place. Note: fluid velocity is given by the gradient of the potential field and pressure 
is directly proportional to the fluid potential. [Top left]: 3D flow pattern in the OC; . [Top 
right]: radial slice through OHC shows flow through the the cylindrical cells and out of the 
OC in the negative x-direction. [Bottom left]: a similar cut at the DCs level with similar 
flow pattern. [Bottom right]: vertical cut through the OC showing downward flow toward 
the BM (in the negative z-direction). 
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Figure 4-12: Mode 3, F3 = 3 kHz, is dominated by the motion of OHC2 and OHC3. The 
bottom display shows displacement magnified ~ 67 % more that the OHC displacements. 
These displacements are very small compared to the top display. The BMPZ presents the 
largest of the smaller motions, and there is a significant shearing motion between the TM 









































Figure 4-13: OC fluid flow in vibration mode, F3 = 3 kHz, of the short section at the 
4kHz place. Fluid velocity is given by the gradient of the potential field and pressure is 
directly proportional to the fluid potential. The fluid is concentrated around the OHC 
regions. 
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4.3.3 Vibration mode of the short section with fluid-filled scalae 
The fluid-filled compartment vibrational modes can be related to the longer wave response 
of the short section according to equation 4.1. We have computed the natural frequencies 
and mode shapes of the cochlear section including fluid in all scalae in order to assess the 
fluid flow modes in the OC and around the OC in the large scalae compartments. 
The addition of the scalae fluid further decreased the modal frequencies, as expected. 
The fundamental modal frequency with all scalae fluids is Fl = 1.52 kHz. The fundamental 
mode observed with the OC-fluid-only is similar to mode 2 with modal frequency F2 = 
1.88 kHz when all scalae fluids are included. However, in the present case where all fluid 
compartments are included the basilar membrane (BM) arcuate and pectinate parts move 
in phase. These two fluid modes are shown in figure 4-14. The fluid in mode 1 shows 
downward flow near the tectorial membrane (TM) in the scala tympani (ST) as the organ 
of Corti (OC) moves down. The fluid in mode 2 shows upward flow near the Hensen cells, 
TM and the BMPZ as the organ of corti moves up. In both modes there is radial fluid flow 
in the OC, and a bidirectional flow along the subtectorial space starting near the pillar cell 
head location. A flow towards the inner sulcus (IS) started at the PC head bends the inner 
hair stereocilia (in presence of fluid viscosity) and thus constitutes the input to the inner 
hair cells. Fluid flow for mode 3 and the mode with the modal frequency equal to the CF 
are displayed in figure 4-15. 
The structural mode shape is presented for mode 1 in figure 4-16. For this fundamental 
mode, the addition of scalae fluid did not change the drained OC mode shape while the 
modal frequency drops from 2. 7 kHz to 1.52 kHz. The third mode shape of the drained 
OC was not seen when fluid was added. 
The structural mode shapes corresponding to mode 2 and mode 3 are presented in 
figure 4-17 and figure 4-18, respectively. Mode 2 expresses qualitatively the same motion 
as the fundamental mode of the OC-fluid-only model (obtained when the scalae fluids are 
omitted and only the organ of Corti fluid is included), with the exception that the BM 
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Figure 4-14: Fluid modes with fluid in all cochlear compartments. Note: fluid velocity is 
given by the gradient of the potential field and pressure is directly proportional to the fluid 
potential. Left: Fluid mode 1 shows downward flow near the TM in the SV as the organ of 
Corti moves down. Right: Fluid mode 2 showing upward flow near the Hensen cells, TM 
and the BMPZ as the organ of corti moves up. In both modes there is radial fluid flow 
in the organ of Corti and a bidirectional flow along the subtectorial space starting at the 
pillar cells head location. 




































Figure 4-15: Fluid modes with fluid in all cochlear compartments. Note: fluid velocity 
is given by the gradient of the potential field and pressure is directly proportional to the 
fluid potential. Left: Fluid mode 3 shows flow above the HC as it moves down, flow in the 
outer tunnel, between the OHC and the subtectorial space. Right: The modal frequency 
corresponding to the CF was extracted: A vertical cut through Mode 13 with frequency 
equal to the CF showing flow in the OHC-DC and HC region and in the subtectorial space. 
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exihits a monophasic motion. Mode 3 is identical to mode 3 of the OC-fluid-only model: 
in this mode OHCl and OHC2 move in phase while moving out of phase with OHC3. The 
BM, HC and the arch of Corti move all in phase up and down. There was no antiphasic 
motion of the HC. The TM exihibits a complex rotational motion about the location of 
the inner hair cell (IHC). The RL moves out of phase with TM above the OH Cs head, 
compressing the subtectorial space. The small amplitude motions not observable on the 
figure were seen on an animation. 
z 
Lv 
Figure 4-16: OC structures displacement for the fundamental mode at Fl = 1.52 kHz 
when all scalae fluids are included. This mode is qualitatively identical to the fundamental 
mode of the drained cochlea (Note that this frame is displayed in opposite phase with that 
of the drained OC). The same obervations apply. In particular, as the arch of Corti pivots 
about the (inner pillar cell) IPC foot, there is a large tilting motion of the RL in the IHC 
region. 
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Figure 4-17: OC structures displacement for mode 2 at F2 = 1.88 kHz when all scalae 
fluids are included. This mode is similar to the fundamental mode of the OC-fluid-only 




Figure 4-18: OC structures displacement for mode 3 at F3 = 3 kHz when all scalae fluids 
are included. This mode is qualitatively identical to mode 3 of the OC-fluid-only model. 
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4.3.4 Effect of fluid viscosity and inertia on the vibrational response of 
the cochlear short section 
In this section we perform a transient viscous simulation in order to evaluate the effect of 
fluid viscosity and inertia on the vibrational response of the short section. Specifically, we 
estimate the deflection of the inner stereocilium as the result of the fluid drag force. We 
also compute the stereocilium shear gain (SG) as the result of the relative displacement of 
the reticular lamina (RL) and the tectorial membrane (TM) due to the basilar membrane 
(BM) deflection. 
In this simulation, fluid is injected into the scala vestibuli (SV) with an inlet velocity 
magnitude of 50 µm/ s and drawn out of the scala tympani with the same magnitude in 
order to move the cochlear partition. The frequency of the simulation is chosen to be the 
apparent resonant frequency of the short section, f = 2 kHz. This stimulus then moves 
the organ of Corti up and down as observed when the scalae fluid were included, and the 
simulation is intented to excite the corresponding viscosity mode. A one-way fluid structure 
interaction is performed. 
The deflection of the cilium is defined as the difference between the stereocilium tip and 
base radial displacements. The average vertical displacement of the BM is used to calculate 
the shear gain, which is defined as the ratio of the cillium deflection to the average BM 
vertical displacement. These quantities are summarized in the following equations: 
SG = ..§.':!:_ ubm 
z 
(4.6) 
where, 5ci and SG are, respectively, the cilium deflection and the shear gain, and u~m is 
the vertical BM displacement. The radial direction lies in the cross section and is parallel 
to the RL and TM. 
The inner cilium shear gain is calculated by taking the time Fourier transform of the 
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Figure 4-19: Inner cilium deflection estimate at the resonance frequency of 2 kHz: a) 
Time waveform of inner cilium tip ( dashed line) and base ( dotted-dashed line) radial dis-
placements for a stimulus frequency of 2 kHz. The plain line shows the differential radial 
deflection of the cilium. b) Time Fourier transform of the shear and the spatial avaraged 
BM vertical displacement. 
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Figure 4-20: OHC2 cilium deflection estimate at the resonance frequency of 2 kHz: a) 
Time waveform of OHC2 cilium tip and base radial displacements for a stimulus frequency 
of 2 kHz. The plain line shows the differential radial deflection of the cilium, defined as 
the difference between the tip and base radial displacement. b) Time Fourier transform of 
the OHC2 cilium deflection and of the spatial avaraged BM vertical displacement. 
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time waveform of the inner cilium deflection. The time Fourier processing is shown in 
figure 4-19(b). The shear gain obtained for the inner cilium due to the viscous fluid drag 
force is ISGI = 2.4 x 10- 2 or 2.4 % for the simulation frequency of 2 kHz. The phase 
difference defining the timing of the cilium tilt with respect to the vertical BM deflection is 
SGphase = 2.8 radians. The cilium deflection, lags and is nearly out of phase with the BM 
upward displacement. The inner cilium deflection magnitude is <5ci = 3.97 x 10- 13 m; This 
may be compared to the experimental estimate of the cilium deflection of~ 10- 11 m [21]. 
Note that in the modal analysis with an ideal fluid, no inner cilium deflection is observed. 
Therefore the shear gain obtained here is due to the fluid viscosity. 
Since it is the deflection of the OHC cilia that triggers the active process which results in 
the detection of low sound level, the OHC cilium shear gain was also computed. The second 
row of outer hair cell (OHC2) cilia shear gain was estimated to have magnitude ISGI = 1.69 
and phase SGphase = 3.11 radians for the simulation frequency. The corresponding outer 
cilia deflection magnitude is <5ci = 2.79 x 10- 11 m (0.0279nm). The outer hair cell motile 
property relates the cilium deflection to the axial OHC length change, according to the 
relation [8]: 
(4.7) 
where g is the nonlinear transfer function of the OHC length to the cilium displacement. 
This active process gain, normally of sigmoidal shape, is linearized to g = 2 for small 
cilium displacements. Thus, a deflection of <Sci = 2.79 x 10- 2 nm would produced an axial 
OHC length change of ~lohc = 5.58 x 10- 2 nm. This corresponds to a relative OHC length 
change of 1.4 x 10- 4 % for cell length of 40 µm. The calculation procedure is the same as 
for the inner cilia shear gain estimation. The corresponding time waveform and the time 
Fourier transforms are shown in figure 4-20. 
The magnitude of the time Fourier transforms shows that for an excitation frequency of 
2 kHz, of the fluid-filled short section, two resonant frequencies are excited: the excitation 
frequency, but also the fundamental frequency of the drained cochlea at 2. 7 kHz. This 
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suggest that the fundamental mode of the drained cochlea is one of the dominant modes 
in the response of the short section. 
4.4 Discussion and Conclusion 
Let us, first, remind ourselves that the vibration modes yield relative quantities only. 
Within a single mode shape or across mode shapes, deformations and relative motion of 
each component can be compared. These modes can be linearly combined to obtained the 
time dependent vibration response of the short section. Only then, the absolute magnitude 
and contribution of each mode can be determined. However, which modes are expressed 
in the response, not only depends on the excitation frequency components but also on the 
spatial load distribution. The vibration modes, by themselves, are very informative; thus, 
are useful for cochlear studies. This study has made available realistic modes of vibration of 
the short section including the extra-cellular spaces. These modes can be used as references 
to understand or to interpret cochlear experiment results, or to aid design experiments to 
address a specific cochlear study such as the point stiffness measurement. This would be 
possible because the structural motion and interactions can be predicted by the modes we 
have calculated. 
Assuming that the dominant mode in the response of the short section is the funda-
mental mode, we summarize the following the modal analysis results. 
• We found that our first model of the short section, the drained cochlea, resonated 
at 2. 7 kHz and displayed some of known classical movements of the components of 
the OC: The monphasic BM motion, the pivot of the arch of Corti form by the 
PCs, and the TM shearing of the cilia as it moved in the transverse direction. The 
reticular lamina did not pivot like a rigid body, however, and showed rather a complex 
bending motion above the heads of the outer hair cells, leading to a squeezing of the 
subtectorial space. In this mode the two inner rows OHCl and OHC2 moved in 
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phase while moving out of phase with the outer row OHC3. The OHCs were also 
charaterized by an elongation-contration motion. The TM, RL and OHCs had the 
largest motion. 
• Our second model, which consisted of the drained model with the OC fluid added, 
yielded a resonance frequency of 2.1 kHz. The addition of an inviscid fluid to the 
organ of Corti ( OC) alone led to a decrease of the fundamental frequency by 22 % 
along with a significant change in the mode shape. This mode with OC-fluid was 
characterized by an organ of Corti cross sectional area change causing a radial exhange 
of fluid between the tunnel of Corti and the interstitial space of the OHCs and 
DCs. Only in this mode, was the biphasic (out of phase motion of BMAZ and 
BMPZ) basilar membrane motion observed. In addition, there was a squeezing of 
the subtectorial space above the head of the OHCs, and a tilting motion in the inner 
hair cell region. In this mode the OHCs moved all in phase as they bent. 
• The fundamental frequency for the model with all scalae fluid included in addition of 
the OC-fluid was found to be 1.5 kHz. Hence, the frequency was decreased by 44 % 
with respect to the drained fundamental frequency without modifying significantly 
the mode shape of the drained OC short section. Indeed, the fundamental mode 
shape in this model was qualitatively identical to that of the drained OC. 
We found that OHC motility at low frequencies, as observed in the electrically evoked 
OHC motion experiment [41], excites predominantly the drained OC vibration mode ob-
served at F3 ;:::j 4 kHz. The mode shape aligns with the experimentally determined 
electromotile response with the exception of the antiphasic BM vibration. However, when 
fluid is added, this mode could not be recovered entirely. We noted, in fact that some 
sailiant features of this mode, such as the anti-phase motion of the Hensen cell, were found 
distributed among modes higher than those presented, but not all in one single mode in 
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the presence of the fluid. The anti-phase BM motion was never seen in up to the 13th mode 
with fluid in all scalae. We recognize, however, that the active vibration response found 
in [41] is a combination of several modes. Among theses modes, the third mode of drained 
OC response apparently dominates the active response. 
The transient viscous simulation performed with stimulus frequency of 2 kHz, resulted 
in the deflection of the inner hair cell cilium of magnitude 3.97 x 10- 4 nm in response to 
the viscous drag force. The outer hair cell cilium shear gain as the result of the basilar 
membrane deflection is found to be 1.7. This middle turn shear gain value is intermedi-
ate between the shear gain calculation in the basal (> 2) and apical ( < 0.9) turn models 
in [14]. The magnitudes of the cilia deflections, observed in this one way fluid structure 
coupling, are of similar orders of magnitude observed in experiments. The time step cost 
was only 1.8 minutes, and 100 time steps were taken within a period of stimulus. A two 
way fluid-structure coupling, where both the fluid and structural motions affect one an-
other, proved to be very costly because of complex fluid-structure interaction within the 
OC, more precisely because of the very small time steps constraint imposed by incompress-
ibility of the fluid and structural components. The required time step for the convergence 
of the Newton-Raphson algorithm is less than 1/10000 th of the stimulus period. The com-
putation time for a single time step takes about an hour of clock time on an 8 processor 
computer node at nearly 3 GHz of processor speed. Therefore this FSI option could not 
be pursued. 
The location studied seems to resonate an octave below the characteristic frequency of 
4 kHz. This suggests that the material properties determined corresponds to a more dis-
tant location, separated by an octave, down the length of the cochlea. An active cochlear 
place-frequecy map, based on neural recording, indicates a 1/2 an octave shift [18, 17] to-
wards the higher frequencies with respect to a passive cochlea. The gerbil frequency-place 
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is based on an active map [53]. Since this active map was used to map the measurement 
location to the point stiffness, an active 4kH z place corresponds to a passive 2.8 kHz lo-
cation. This is exactly the resonance frequency expressed by the drained cochlea model. 
Therefore, this argument not only confirms that the material properties were accurately 
matched to the experimental point stiffness, but also validates the modal analysis. Hence, 
the fluid flow patterns observed in this study can be trusted. 
We now recall the dispersion equation used to interpret resonance as a limiting case 
of wave propagation. For short wave propagation, the fluid inertia is concentrated very 
near the outer wall of the cochlear partition. In the limit of zero wavelength, the partition 
vibration mode can be used to find the short wave mode. However since the organ of Corti 
representing the cochlear partition contains fluid in the interior, it made sense to take this 
interior fluid into account, resulting in the OC-fluid-only model. The longer waves are 
supposed to have a relatively larger inertial fluid loading the partition, modeled here by 
filling up the scalae. 
The vibration study of each of the three models revealed that the drained model and 
the all-scalae-fluid model yield the same fundamental mode shape, and even the same mode 
shape in vibration mode 2. Based on this argument the modal results suggest the following: 
1. The long wave mode, or low frequency modes, at the location of interest (CF) are 
characterized by the classic OC structures mode of vibration. 
2. The resonant response of the short cochlea section is characterized by a complex 
fluid-structural interaction mode, where the BM moves out of phase and fluid is 
moved between the tunnel of Corti and the intertitial spaces between the OHCs and 




1. From the mode shapes obtained, we note that the pivoting motion of the OHCs 
referred to in reference [41] are actually bending motion of the OHC body. 
2. The squeezing of the subtectorial space found in all mode shapes, in the presence of 
the fluid induced fluid flow toward the inner hair cells as experimentally observed in 
[31]. This fluid flow could be a mechanism for the stimulus input to the IHCs. 
3. We have noticed that only in the presence of fluid in the OC-fluid-only model (the 
short wave model) did the antiphasic (BM) motion occur. This antiphasic motion 
of the BM, although having lots of supports from electrical stimulation experiments 
is not well supported with acoustic stimuli [66]. Perharps, this mode is inherently 
related to the presence of OC-fluid and influence by the loading outside of the OC. 
4. In general, there was a significant fluid motion between the cylindrical cellular struc-
tures of the OC as the result of the structural displacement. This indicate that the 
interstitial microfluid flow must be accounted for in cochlear models to avoid over-
pressuring the OC and to allow the proper cellular movements. 
Chapter 5 
Fluid-Structure Interaction in 
Periodic Waveguide: Application 
to the cochlea 
5.1 Introduction 
There is interest and recent activity in formulating methods to analyze wave propagation in 
structural waveguides, for modeling arbitrary cross section, and fluid-structure interaction 
via the use of commercial package or specially designed finite elements [42, 15, 51]. 
This chapter focusses on methods to analyze fluid-elastic waveguides with complex 
geometries. A method is formulated for periodic waveguides with slowly varying properties 
such as the cochlea. The method is implemented for the special case of uniform periodic 
waveguides using Floquet's theory. A step by step approach is used in the presentation 
starting with an illustration of the Floquet's theory with semi-analytical solution of simple 
periodic waveguides. A viscoelastic solid model is adopted to treat the fluid in fluid-elastic 
interaction. The fluid model is validated throughout on simple models. Only then, the 
method is applied to a realistic geometrically detailed cochlea model based on the results 




The WKB approximation is an asymptotic method for obtaining an approximate solution 
to differential equations where the highest derivative is multiplied by a small parameter. It 
is also applicable to problems with a slowly varying parameter, as these problems can be 
transformed into differential equation of the type mentioned [57]. An elegant derivation of 
the WKB solution in lD, based on a physical interpretation of the wave propagation in an 
elastic tube with longitudinally varying properties representing the cochlea, is presented 
in [47]. It uses the non-dispersive nature of the wave system to find the WKB phase 
variation and the constant rate of energy transmission in the non-dissipative traveling 
wave to determine the WKB amplitude variation along the wave system. 
Floquet's theory applies to any differential equation with periodically varying coeffi-
cients. Floquet found that the general solution of such an equation could be written as a 
supperposition of propagating and decaying waves with each wave modulated by a periodic 
amplitude with the same period as the coefficients of the equation. 
The method we propose is based on these two well-known theories of wave propagation: 
the WKB method for slowly varying properties and the Floquet theory for periodically 
varying properties of the waveguide. The organ of Corti, although complex in structural 
details, can be viewed as a locally periodic system along its longitudinal direction. There-
fore, whenever the WKB method is valid as will be discussed, the OC wave propagation 
can be studied by a combination of the above mentioned theories. 
5.2.1 The WKB-Floquet wave propagation model description 
As an illustration of the WKB method in 3D, let consider the following equation, which 
represents the Helmholtz equation for wave propagation in a medium with slowly varying 
properties, f ( x), in the propagation direction x. 
E « 1, (5.1) 
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where V2 = V;yz is the 3D Laplace operator. In a waveguide with given boundary condi-
tions, the WKB approximation seeks solutions in the form: 
_ ( -i¾ f/ k(X')dX') 
u(x, y, z) - A(X, y, z)e , X =EX, (5.2) 
by assuming a wave propagating in the x-direction with local wavenumber k(x). 
If the solution (5.2) is plugged into equation (5.1), and the leading order terms in E are 
considered, the original equation reduces to an equation in the transverse plane (with 
respect to the direction of propagation): 
(5.3) 
Given the boundary conditions to the leading order in E, equation (5.3) can be solved in 
the transverse cross-section and the solution obtained as the superposition of the allowed 
solutions. The variation of the amplitude A in the propagation direction is obtained by 
considering the next leading order term in E. 
This problem would be equivalent to that of the wave propagation in the organ of Corti 
where the slowly varying property could be the BM stiffness. However, this model would 
not have accounted for the presence of the pillar cells, for example, and their periodic 
structural arrangement. Therefore it is desired to improve the model if structures such as 
the pillar cells need to be included. 
Floquet's theory [57, 10] for the solution of a differential equation with periodically 
varying coefficients can be used to account for the periodicity within the organ of Corti. 
Floquet 's theory can be summarized as follows. 
Consider the linear problem: 
.C(x)u(x) = 0, (5.4) 
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where .C(x) is a second order linear differential operator. If the waveguide considered 
presents a natural periodicity (p) in the x direction, then .C(x) is also periodic with period 
p with respect to the x variable, i.e . 
.C(x + p) = .C(x). 
By Floquet's theorem, the solution to this problem is of the form: 
u(x) = u(x)eikx, 




The periodicity condition ( 5. 7) yields the following relations over a single period p: 
u(p) = .Xu(O), .A = eikp 
Ux(P) = .Aux(O). (5.8) 
Thus, the problem reduces to that of solving for the unknown u(x) on a single period 
or unit cell with the appropriate periodic boundary condition (PBC) ( equations 5.8) at the 
cell interfaces: 
Find .A, u(x) such that: 
.C(x)u(x) = 0, 0 :S x :Sp 
u(p) = .Xu(O) 
Ux(P) = AUx(O) 
(5.9) 
In order to treat the organ of Corti, a combination method WKB-Floquet is suggested 
that can be formulated as follows. We introduce two spatial scales in the propagation 
direction x, which is also the direction of periodicity: a fast scale x = x, which accounts 
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for the rapid variations and a slow scale X = EX for the slow variations of the solution. 
We then impose the periodicity condition on the fast scale. The WKB-Floquet solution 
sought can be expressed as: 
( -il fix k(X')dX') u(x, y, z) = A(X, x, y, z)e • 0 , 
A(X, x + p, y, z) = A(X, x, y, z). 
et(kA2)=0 
(5.10) 
In the OC context, the non-dimensional linear incompressible viscous fluid equations are: 
eey =-VP+ tev2v 
V-V=O, 
where Re is the flow Reynolds number. 
Then, the fluid pressure satisfies the 3D Laplace's equation: 
y'2p = o. 
(5.11) 
( 5.12) 
The WKB-Floquet expansion (5.10) applied to (5.12) yields an equation on the OC unit 
cell when the leading order terms in E are collected; an OC unit (OCU) is a short section 
of the OC along the axial direction composed of the hair cells, the PCs, a short portion of 
the BM, TM, IS, ToC, and any structure found in the OC cross-section. Thus it is seen 
that the OCU captures the transverse flow or exchanges between OC compartments. To 
leading order, the problem satisfies the eigenvalue problem: 
v'~ A+ 2ik(X) 81-- k2 (X)A = 0 xyz ax 
A(X, x + p, y, z) = A(X, x, y, z) (5.13) 
Ax(X, x + p, y, z) = Ax(X, x, y, z). 
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This is equivalent to the problem in >. and P: 
v' 2 P = 0, 0 :S x :Sp, Vy, z E OCU 
P(p, y, z) = >.P(O, y, z) 
Px(p, y, z) = >-Px(O, y, z) 
(5.14) 
Thus, the WKB-Floquet solution applied to the OC solid and fluid equations leads to an 
eigenvalue problem in the wavenumber and in the fluid pressure and structural displacement 
fields to be solved on the OCU with the appropriate conditions imposed by periodicity and 
by fluid-structure interaction within the OCU. 
Now, let us remark on the validity of the approach as related to the physiological 
problem. Even though there exist mathematical conditions for the validity of the WKB, its 
validity conditions in terms of cochlea mechanics is best understood by using Lighthill's [47] 
criterion: 
k > 1.50:. (5.15) 
Here k is the wavenumber and o: the rate of decay of the exponentially varying stiffness 
from the base to the apex of the cochlea.The criterion was obtained by comparing the 
WKB solution to an exact solution, by Zwislocki as presented in [4 7], of the pressure wave 
equation for the cochlea modeled as a tube of spatially varying compliance. This condition 
minimizes wave reflection throughout the medium, and thus assures energy flow without 
backscatter. 
Using Naidu's stiffness formula (2.12) in section 2.2.2, the criterion in (5.15) is equivalent 
to k > -l.5c/2 = -0.75c where c = -0.31mm- 1. Hence, the frequency condition is: 
V4> 
j > -0.75c X 
2
7f, (5.16) 
where V4> is the phase velocity of the location of interest. For the location at CF=4KHz, 
the phase velocity is about lOm/ s as estimated by the longwave approximation; setting a 
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low frequency bound for the validity of the WKB at f = Jo c:= 370 Hz for this location. 
Therefore the WKB solution is valid for frequencies above 370 Hz in the 4 kHz region, 
but is inaccurate for the long waves, with frequencies lower than 370 Hz, passing through 
this region. Following this procedure it can be shown that the WKB solution is in general 
valid in the middle to apical turn of the gerbil cochlea over most of the relevant hearing 
frequencies. In the apex, at CF= 700 Hz, the long wave speed is V¢ ~ 2 m/ s. Thus, the 
lowest frequency for which WKB is valid is 74Hz. In the basal turn where V¢ ~ 24m/s 
at CF = 17. 7 kHz, the lowest frequency bound is ~ 900 Hz. Thus, in the basal turn, the 
method accuracy is impaired for most of the apical resonant frequencies. 
It is also clear in Naidu's stiffness formula (2.12) that the BM-AZ stiffness along the 
cochlea varies slowly. We also know from Naidu's stiffness measurements at other radial 
locations that the axial slow variation in stiffness is maintained. 
In the WKB-Foquet expansion, the small parameter could be taken as the ratio of the 
structural period p to the length of the cochlea L, i.e. 
(5.17) 
If p is for example taken as encompassing 3 OHCs, i.e. p = 3doHc; where the OHC diam-
eter is doHc = 9µm and L = 12.1mm, then E c:= 0.002. 
The fluid viscosity plays an important role in the organ of Corti. Assuming the bound-
ary layer thickness, 8 can be expressed as that for flow over a flat surface for all structural 
surfaces in the OC, we estimate: 
( V) 1/2 8~ -w (5.18) 
where v is the kinematic viscosity of the fluid and w is the angular frequency. Note that 
the exponential time dependent solution e-iwt was assumed throughout. Then at high 
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frequencies, the boundary layer is very small; in this case the boundary condition at the 
interface can be set as if the fluid were inviscid. However, at low frequency a viscous 
correction needs to be added. Then, the frequency at which the boundary layer is of the 
order of the space between two pillar cells is estimated at about 50K Hz. This implies that 
very high frequencies are required for neglecting viscous effect at fluid-structure interfaces 
within lattices. In other words viscosity should always be considered at relevant cochlear 
frequencies. 
5.2.2 The Floquet Periodic Boundary conditions (PBC): examples 
The Floquet periodic boundary conditions method is best described by examples. Here, 
we present illustrative solutions of two examples with multiple degrees of freedom: The 
first example is the lD problem of the string loaded periodically by lumped masses as an 
array of scatterers. The second example treats a 2D incompressible potential fluid on an 
elastic foundation. 
Example 1: string with an array of scatterers 
In this example, the band structure for the string supporting masses at regularly spaced 
points is obtained using a generalized finite elements based procedure for treating periodic 
waveguides. The wave modes in the passing bands and the attenuation coefficients in the 
stopping bands are obtained in this treatment. 
By Floquet's theorem, this problem can be solved on a unit cell comprising one period. 
Therefore, a unit cell of the string with a point mass placed mid-way is discretized using 
the finite element method. Following the application of the Floquet periodic boundary 
conditions, the complex wavenumbers and mode shapes are determined for each frequency. 
For one period L of the string under tension T with lineal mass p , the governing equation 
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for the vertical displacement u can be written as: 
(5.19) 
where, f(x) represents end forces on the string and c5(x) is the Dirac delta distribution. 












the reduced non-dimensional equation for the unit cell follows as: 
u"(x) + w2 ((x) u(x) = J(x). 
(5.20) 
(5.21) 
Here ((x) = 1 + mc5(x - 1/2) and J(x) = hc5(x) + fRc5(x - 1), where hand JR are 
unknown forcing at the ends of the string. 
The variational form for this equation is given by: 
fo1 w'(x) u'(x) dx - w2 fo1 w(x) ((x) u(x)dx = - fo1 w f(x) dx. 
The isoparametric interpolation functions are defined by: 
w(x) = LNA(x)wA(x) 
A 




where A and B represent the indices of the nodal points on the string-mass system, which 
span the total number of nodes N, and NA(x), NB(x) the corresponding shape functions. 
Then, the finite element equations are: 




where, the stiffness matrix elements are given in (5.25) 
(5.25) 
Here Q = (N + 1)/2 is the nodal index of the point mass placed at the center of the unit 
cell. 
In a more compact form, the stiffness matrix in equation (5.25) can be written: 
[K] = [Kr] -w 2 [M], (5.26) 
and, equation (5.24) in the standard form: 
[K]{U} = {F}, (5.27) 
where corresponding quantities are readily identified. 
By Floquet periodic boundary condition given in equation (5.8), the boundary nodal 





Th subscripts L and R indicate, respectively, the left and right entities they refer to; 
>.. = e1 defines the Floquet exponent 1 = i k- a where k and a are, respectively, the phase 
propagation constant and the wave attenuation coefficient, and are assumed positive. The 
mass and stiffness matrices are transformed by separating the boundary and inner degrees 
of freedom, so that the periodic boundary condition can be applied. 
To this end, a solution vector fJ = {UL UR U1 }T is defined, which holds the left (L), 
right (R) and inner (I) degrees of freedom, respectively, in this order. Since Floquet's 
theorem links the left and the right entities, a reduced form, Uc= {UL U1 }T, which stores 
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only the left (L) and the inner (I) degree of freedom is used to introduce the Floquet 
wavenumber. The force vectors are defined in the same manner. Here, superscript T 
denotes the transpose of a vector or a matrix. This new ordering (U = {UL UR U1 }T) of 
the degrees of freedom leads to a modified stiffness matrix K, which can be represented 
according to the partition mentioned above as: 
KLL KLR KLI 
[K] = KRL KRR Km 
K1L K1R K11 
Then, the finite element equation is now: 
FL 




The method of inner node described in [50], which makes use of the one periodic boundary 
and the inner degrees of freedom, is then used to set up the Floquet eigenvalue problem. 
fJ is obtained by applying a transformation [T1], as defined below, to the reduced form Uc. 
A transformation [T2] is also defined. The transformation matrices are given by: 
l1 01 
[T1] = >.l1 01 (5.32) 
02 l2 
[ Ali l1 or] [T2] = 
0T 0T 1T 1 1 2 
(5.33) 
The matrices 11 , 12 are the identity matrices of sizes (N BEQ x N BEQ), (NI EQ x NI EQ), 
respectively; matrices 0 1 , 0 2 are zero matrices of sizes (N BEQ x NI EQ) and (NI EQ x 
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NBEQ), respectively. NBEQ and NIEQ are the number of degrees of freedom on one 
side of the boundary and the number of inner degrees of freedom, respectively. 
Replacing U by [T1] {Uc} in equation (5.31) and left multiplication by T2, and noting that 
internal forces F1 are zeros and that left boundary and right boundary degrees are uncon-
nected (KLR = KRL = 0), leads to the Floquet eigenvalue problem in,\ and Uc: 
[
-(KLI~- + KRR) 
Krn 
(5.34) 
MATLAB [55] is used to assemble the finite element matrices and to solve the eigen-
problem (5.34). We note that the matrices in equation (5.34) are sparse, but nonsymmetric 
in general. Therefore, we do not take advantage of the sparsity. However, for the string 
with an array of scatterers, this does not pose a problem because of the low number of 
degrees of freedom. For larger system such as the cochlea, a different approach is required 
to obtain symmetric or Hermitian matrices. The eigenproblem for the string can then 
readily be solved for all of the eigenvalues and vectors using MATLAB built-in function 
'eig'. The frequency spectrum result is shown in figure 5-1. This result is obtained for 
m = 1.0 using 100 finite elements in the unit cell. From the result, we note the following 
remarks regarding this periodic waveguide. 
Since the frequency is a periodic function of the Floquet wavenumber, with period 21r, 
the Floquet wavenumber is rectified so that it is increasing with the frequency, and short 
wavelengths are obtained. The case when there is no mass (m = 0), the non-dispersive 
string solution is recovered and is added to the plot. We notice, indeed, that equation (5.21), 
when m = 0, collapses to the string equation with wave speed equal to unity. When the 
mass is non-zero, the stopping bands are identified here as the vertical short line segments. 
There is no wave propagation within these frequency bands; the adjacent cells of the 























• phase constant (k) numerical 
zero scattering limit (m=0) 
- (k) flipped 
- - attenuation coeff. (ex) 
- - - low frequency limit 
-- (k) Analytical 
6 8 10 12 14 16 
Wave constants (k, ex) 
Figure 5-1: Band structure for the string loaded with periodic mass m = 1.0: Numerical 
and analytical calculation of the phase constant (k) are in agreement, shown in the first 
Brilliouin zone. The curve for (k) has been flipped by periodicity to obtain the short waves. 
The attenuation coefficient is provided in the stopping band shown as short vetical line 
segments. The non-dispersive string frequency spectrum is recovered for m = 0, shown by 
the dotted line of unit slope. The long wave limit, w = (l + m)- 1/ 2 k, is shown by the 
dashed line. 
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totally reflected. It is seen that wider stop bands occur at higher frequencies and that 
higher frequency waves decay faster. The presence of mass makes the system dispersive in 
the passing bands and the wave speed decreases as the mass is increased. 
Selected string mode shapes for the case m = 1.0 are shown in figure 5-2. 
The analytical solution for this problem can be found in [3]. The Floquet wavenumber 
k solution re-written with our notation is: 
k = cos- 1 ( cos w - ; w sin w ) , 
and the wave attenuation coefficient a given by 
a = cosh - l ( cos w - ; w sin w ) ; 
where, cos and cosh are the cosine and hyperbolic cosine functions, respectively. 




This solution is plotted and compared with the finite element solution. Both solutions are 
in agreement. We conclude that for this relatively simple periodic waveguide, where an 
analytical solution is available, the finite element procedure used, which will be used for 
the cochlea where analytical solutions are unavailable, is verified. 
Example 2: the incompressible fluid on an elastic foundation 
The problem is to obtain a semi-analytical Floquet's solution for the fluid on an elastic 
foundation as pictured in figure 5-3. This figure shows a unit cell of a 2D periodic waveg-
uide with period p in the propagation direction, with height h, and whose equations are 
formulated in equations (5.39) to (5.43). This simple problem relates to the cochlear me-
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Figure 5-2: Selected string wave mode shapes for m = 1.0: a) Mode shape in passing 
band with (w.-y) = (0.7, 1.0); b) Mode shape in stopping band with (w,-y) = (2.2,7r); c) 
Mode shape in passing band with (w. -y) = (6.5, 7.4); d) Mode shape in stopping band with 
(w. i) = (7.2. 37r) 
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Wall 
h/2: Inviscid fluid 
p 
Figure 5-3: Unit cell of a 2D periodic waveguide: fluid on an elastic foundation 
chanics, where the cochlear partition is modeled as a set of massless springs representing 
its effective stiffness, rJ. The spring line is loaded by an incompressible and inviscid fluid 
representing the cochlear fluid. The spring line spans a variable portion of the period, 
controlled by a small parameter a, (a « 1), to model discontinuities which may occur 
within the unit cell. This model problem serves not only to illustrate the Floquet approach 
in 2D but also to validate the approach in 2D as related to the low frequency cochlear 
passive mechanics. As a validation of the Floquet method, the low frequency analytical 
solution for the wave velocity is checked against the solution obtained by Floquet PBC 
method. A sweep of frequency is performed to obtained the frequency spectrum for this 
problem. 
With these assumptions, the irrotational fluid satisfies the Laplace equations, subject 
to mixed boundary conditions. Using the nondimensional parameters for the length and 
time scales: 
X x= - . 
' p 
- y 




gives the nondimensionalized equations for cochlear duct model problem as: 
w2 -
-- </> for 
E 
0 in D 
n·V</> = 0 at fw (walls) 
8¢ -
ox(0,y) = 'l/J1(Y) on r 1 (at inlet) 
8¢ -
ox (1, y) = 'l/J2(y) on f2 (at outlet) 
a a 
2 






Here, V and n are, respectively, the 2D gradient operator and the unit vector normal 
to the wall. Here, E = ~ is the ratio of duct height to the its period; boundary functions 
'ljJ1(fi) and 1P2(fi) are used for the implementation of the periodic boundary conditions as 
explained below. 
We note that the values of¢ at the inlet (x = 0) and outlet (x = 1) can be any function 
of the variable y that satisfies the pinned ends conditions at y = 0 and y = E. Thus, this 
function can be expanded in cosine series in variable y. Hence, the boundary conditions 
at the inlet and outlet are expanded in spatial Fourier series with respect to the second 
dimension (y-direction) as given in equations (5.44) to (5.4 7). 
N-1 
¢(0, y) ¢1(fJ) Lan cos(n1rE-l y) (5.44) 
n=O 
N-1 








ox (l, y) if;2 (y) Lb~ cos(n1rE- 1 y) (5.47) 
n=O 
where the coefficients are given by: 
l loe _ ao = - ¢1(y)dy ; 
€ 0 
1 loe _ bo = - ¢2(ii)dy ; 
€ 0 
1 lo€ -a~= - 'I/J1(ii)dy ; 
€ 0 







With this expansion, only 2N linearly independent nontrivial solutions can exist, with each 
solution satisfying the corresponding independent boundary condition ei. Here, N is the 
number of Fourier components or modes, and vector ei represents a unit 2N dimensional 
column vector whose ith column is equal to 1, all other elements being set to zero. This 
vector determines the boundary functions in equations (5.48) and (5.49). Thus, each 
boundary condition in (5.46) and (5.47) must be linearly dependent. This implies that the 
Fourier constants must be linear related as in the matrix equation (5.52): 










I I a' I a' aN-1 aN-1 aN-l,l N-1,N-l aN-1,N N-l,2N-l 
(5.52) 
bo bo,1 bo N-1 boN b~,2N-l bo , , 
b~ b~ l , b~,N-1 b~,N b~,2N-l b1 
bN-1 bN-11 b' 
I b' bN-1 , N-1,N-l aN-l,N N-l,2N-l 
In a more compact form this matrix equation is written as: 
{ a' } = [ :: A\ l { :} (5.53) b' B; 
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This 4 x 4 block matrix of coefficients is a 2N x 2N matrix whose ith column's elements 
are determined numerically by integration of the independent solution provided by the 
independent boundary condition ei. The independent solution (i) is found using the com-
mercially available software, COMSOL [20], which solves the problem for each independent 
boundary condition set using the finite element method. The elements of the matrix are 
specifically determined using equations (5.50) and (5.51), where the functions i/;1 and i/;2 
in the integrand are provided by the independent solutions. 
The Floquet periodic boundary conditions as defined in equation (5.8) are then applied, 
which further constrains the coefficients via the Floquet exponent, 'Y in >. = ei"Y. This 
constraint is expressed in equation (5.54): 
b' =>.a'; b =>.a. (5.54) 
This constraint leads to the Floquet eigenvalue problem (5.55), which, for each frequency, 
determines the Floquet exponents and the associated Fourier coefficients. 
(5.55) 
Here, I and O designate the N x N identity and the null matrix, respectively. 
The weak form for this problem, expressed in equation (5.39) through (5.43), is required 
by COMSOL [20] and is given by equation (5.56): 
(5.56) 
where w is the finite element trial function. 
The functions multiplying w in the boundary integrals are directly specified in COM-
SOL [20] using the weak form application mode for PDEs on boundaries. The solution 
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process is fully automated by running COMSOL [20] within MATLAB [55]. In the code we 
developed, COMSOL iteratively solves for the independent solutions, integrates the bound-
ary equations to determine the Fourier coefficients and directly fills in the columns of the 
2N x 2N matrix of coefficients in (5.52). MATLAB, then solves the eigenproblem (5.55) 
to determine the Floquet exponents for a given frequency. Any number N of modes can 
be specified, but a larger number of modes increases the accuracy of the solution. For the 
result presented, N = 5 was sufficient for convergence. 
Depending on the frequency value, the solution of the eigenproblem yields either two 
harmonic waves propagating in opposite directions, or two damped wave solutions running 
in opposite directions, one with a decreasing amplitude propagating to the right and the 
other with decreasing amplitude propagating to the left. The absolute value of the real 
and imaginary parts of the wavenumber is plotted as a function of the frequencies. The 
frequency spectrum is shown in figure 5·4(a). Two cases of the periodic discontinuity have 
been studied for the duct ratio E = 0.2: one with a slight discontinuity, a= 0.002, and the 
other with a relatively larger discontinuity, a = 0.2. 





As can be seen on the graph, the low frequency branch obtained by Floquet method is 
coincident with this low frequency analytical result in equation (5.57), then progressively 
departs from it as the frequency increases up to 1r. This reflects the effect of the periodic 
discontinuity, which is seen to decrease the wave speed. At k = 1r i.e. at wavelength 
>. = 2 p, there is a frequency band where the wave is strongly attenuated in the case of 
large discontinuity. This is a stop band for the wave system, where the waves are totally 
reflected. The stop band solutions are the damped running wave pairs mentioned above. 
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Figure 5-4: Incompressible fluid on elastic foundation results obtained by Floquet's method: 
two cases of discontinuity are plotted, a = 0.2 and a = 0.002: a) Frequency spectrum: 
these cases yield, respectively, the low frequency slopes c1 and c2. These wave speeds agree 
with the analytical low frequency solution c = ✓iE-a.. b) Wave attenuation coefficients ( the 
imaginary part of the wavenumber) for the two cases of periodic discontinuity. This result 
is for a duct-height to period ratio c = 0.2. 
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is plotted in figure 5-4(b). For the large discontinuity case, a= 0.2, three stopping bands 
are clearly shown by the strong attenuation coefficients for frequencies, roughly, in the 
intervals [0.6 - 0.8], [1 - 1.3], and from w = 1.4 to the next passing band. As expected 
attenuation is higher at high frequencies. When the discontinuity is less pronounced or 
does not exist, the wave propagates without noticeable attenuation, and stopping bands are 
narrow or nonexistent. We recall that the frequency is a periodic function of the Floquet's 
wavenumber with the period equal to 2;, and that the frequency spectrum is symmetric 
with respect to the frequency axis. Hence, it is possible to unfold the branches as done in 
the string example. 
This result confirms the validity of the Floquet approach for this simple wave system 
illustrative of the cochlea macromechanics for a massless partition. We note that the high 
frequency cut-off for this system will be overestimated as a result of this neglect of the 
solid mass. 
5.2.3 The cochlear fluid as a viscoelastic material: the elastic fluid 
A description of the method to obtain the cochlear geometry and material properties of 
the organ of Corti structural components can be found in chapter 3. Here, we present and 
justify a special treatment of the cochlear fluid as a viscoelastic solid for the purpose of 
implementing the Floquet's method. 
The construction of the fluid-structure coupling matrices involved in the fluid structure 
interaction (FSI) implementation can be tedious, especially in the presence of complex 
geometries such as that of the cochlea. The complicated cochlear geometry is one of 
the reasons we resorted to the commercially available package, ADINA [5] to handle the 
geometric complexity. However, computational packages usually compute the response 
without yielding intermediate operations or tools such as the assembled matrices involved. 
In ADINA, the mass and stiffness matrices can be output, but not the FSI coupling matrix, 
which we require in our implementation. Because of these restrictions, the cochlear fluid 
132 
is treated here as an elastic solid just like the cochlear structural components. More 
precisely, the fluid is treated as a viscoelastic material in order to include fluid viscosity. 
Implemented this way, the interface between the fluid and structure share the same nodes 
in the finite element implementation with either side of the interface representing different 
elastic materials. 
With this approach a global stiffness matrix can be formed, which implicitly incor-
porates the FSI-coupling, and which can be readily retrieved from within ADINA. The 
implementation of the periodic boundary condition is greatly facilitated using this ap-
proach. 
The linear fluid equations and the viscoelastic materials are, in fact, similar as shown 
in the following. In the case of the linear elastic material, the stress is related to the strain, 
while related to the rate of strain for the linear fluid. The dynamic equation for the linear 
elastic material is given by: 
pii = V · g (5.58) 
g = g( u) is the stress-strain relation defined as: 
(5.59) 
where, >. and µ are the Lame constants, and u is the displacement vector. 
The velocity vector v = u is used in the case of the fluid, thus a rate of strain is 
expressed instead in the constitutive equations. The dynamic equation is: 
(5.60) 
where P is the pressure in the fluid and µf the fluid viscosity coefficient. 
( 5.61) 
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For a time harmonic excitation e-iwt, the dynamic equations for the elastic solid, the 
fluid and the visco-elastic solid can be written, respectively, as: 
-pw 2 u =-VP+ 2 V • (µ~) Elastic solid 
- pf w 2 u = - VP + 2 V · ( -i w µ f ~) viscous fluid 




Here P = ->. V · u, and in the case of the fluid (eq. 5.63), u can be interpreted as the fluid 
particle displacement. 
As can be seen, these three equations are similar, with the Lame constant, µ, replaced 
by an imaginary or a complex constant, -i w µ f and µR - i w µ1, respectively, for the fluid 
and the viscoelastic solid. The requirement, then, is that the viscoelastic fluid must be 
able to capture the incompressible fluid behavior as the elastic properties are manipulated. 
This can be achieved by monitoring the viscoelastic solid response as the shear coefficients, 
µR approaches zero and M is replaced by µ f, respectively, while maintaining a high bulk 
modulus >.. In section 5.3, we validate the elastic fluid model for a simple model of an 
elastically restrained material in 2D before moving on to the case of the actual cochlea. 
As previously noted, the method of inner nodes is prohibitedly expensive for large 
problems. A modification of the method is required so that the sparsity of the matrices 
can be exploited. A method for obtaining Hermitian matrices for the ensuing Floquet 
eigenproblem is presented here using the matrix notation of the string problem in example 
l. The transformation is merely a slight modification of matrix [T2]. We replace [T2] by 
[TJ], with TJ given by the force transformation: { FL FR F1 }T = [TJ] { FL F1 V. Then we 
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define the static condensation matrices Tu and Tt as: 
l1 01 
[Tu] = [T1] = ,\l1 01 
02 l2 
l1 01 
[T1] = -,\l1 01 (5.65) 
Introducing the reduced forms for the displacement and force into the finite element matrix 
equation (5.31), left mutiplying by the conjugate transpose of Tu, and using the form in 
equation (5.26), we obtain the following Floquet eigenproblem in (w, {Uc}). 
Here, matrices [K] and [M] represent the stiffness and the mass matrices of the standard 
finite element assemblage for any specified problem. Since matrix [Tu] depends on the 
Floquet exponent in ,\, the matrices [A] and [B] depend on >.. It can be seen that the 
matrices [A] and [B] are Hermitian because the finite element stiffness and mass matrices 
are symmetric positive semi-definite. The solution of equation (5.66) can then make use of 
the sparse nature of the matrices. For a specified real valued Floquet wavenumber (>.), the 
frequencies and the mode shapes are obtained. The drawback with this new formulation 
as compared with that used for the string problem is that the attenuation coefficient can 
not be calculated. 
The latter formulation is used for the cochlea implementation of the Floquet method. 
ADINA [5] is used in combination with MATLAB [55] to implement the Floquet periodic 
boundary conditions. The various steps taken are summarized next. 
• The stiffness and mass matrices are formed within ADINA in the skyline format and 
printed out to a text file for processing. 
• This skyline format is transformed by a custom script SkylineToSparse.f90 to a sparse 
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matrix format useful for memory and speed in MATLAB. 
• Script matrix_process.f90 uses the finite element nodal information to identify and 
collect the PBC boundary degrees of freedom and the inner degree of freedom in a 
{UR, UL, U1} ordering. The resulting permutation vector is saved, then used to reor-
ganize the stiffness and mass matrices later according to the {UR, UL, U I} ordering 
of the right, left and inner degrees of freedom. 
• This permutation vector, along with the necessary nodal coordinates of the unit cell, 
are then imported to the main script matrix_process_spars. m to set up the transformed 
matrices Kand M resulting from the FPBC application and to solve the eigenproblem 
for a set of discrete real Floquet wavenumbers k in the first Brillouin zone (0 < k < 
-rr). A parallel computation is used to solve for each input value of the Floquet 
wavenumbers simultaneously. 
• The eigenfrequencies and mode shapes results are gathered for postprocessing. Script 
Dispersion_curve. m plots the dispersion curve and the modes shapes are visualized 
using either visualize_mode. m to display the mode shapes in MATLAB [55] or using 
usernodaldata.m and usernodaldata.plot to display the modes shapes in ADINA [5]. 
The switch from Fortran to Matlab and vice versa was necessary for speed and memory 
requirements and was used to optimize the computation process. 
5.3 Modeling viscous fluid as viscoelastic solid 
This section is dedicated to validating the representation of the acoustic fluid as a viscoelas-
tic solid. The two dimensional case is addressed first using a 2D model of an elastically 
restrained elastic fluid. This is followed by a three dimensional case of the box model, 
where idealized organ of Corti is represented by an elastic slab sandwiched between the 
elastic cochlear fluid. The Floquet method is finally implemented for a realistic cochlea 
model with all of its geometric detail and its matched elastic properties. 
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5.3.1 2D-elastic fluid model validation: the 2D-cochlear duct model 
In order to validate the elastic fluid model used, the Floquet method is applied to the 2D 
model pictured in figure 5·5, where an elastic material is restrained by elastic springs. In 
this model, the effective stiffness of the cochlear partition is modeled by the springs. The 
objective is to make the elastic material behave as an ideal fluid by appropriately selecting 
the elastic material properties for a given spring constant. The relation between these 
parameters that captures the fluid behavior will be used to set the elastic fluid properties 
for the actual cochlear models. Thus, in the limiting case of low frequency, we compare 
the wave speed obtained as the result of the application of the Floquet periodic boundary 
conditions (FPBCs) to the elastically restrained elastic layer with the analytical result for 
the wave speed when an ideal fluid is used. The stiffness matrices are formed in ADINA [5], 
as described in the method section. Thus, this model not only validates the fluid model 
but also validates the method as implemented through ADINA. 
Reference solution: 
The low frequency wave speed in an elastically restrained incompressible, irrotational and 
h/2 • 
Symmetric boundary condition (wall) 
Elastic Material 
E,v, p 
ll I I I I jsp~~~s 
L 
Figure 5-5: The 2D cochlear duct model: an elastically restrained elastic fluid 
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inviscid flow can be determined analytically by combining the continuity and momentum 
equation. It is given by: 
(5.67) 
where T/ is the distributed spring constant (in pressure per unit length), h the height of 
duct, and p the density of the fluid. 
The distributed spring constant T/ is given, in terms of the spring constant Ksp at each 
node and the number N of springs along the boundary, by equalizing the net forces in both 
the continuous and discrete cases 
NKsp 
T]=-- L . (5.68) 
Here L is the duct length. The bulk modulus K, and the shear modulus µ for the isotropic 





µ = 2(1 + v) (5.69) 
The useful inverse relations for specifying K, andµ in ADINA are given by formulas (5.70). 
(5.70) 
The question is how large must the bulk modulus be to capture the fluid behavior, or how 
small can it be and still capture this behavior. We must note that it is important to set a 
lower bound for K,1 as it cannot be extremely large while µ is extremely small. This would 
result in failure in the finite element simulation. In sum, we want 
µ « T]h « K, 
to find the proportion of theses quantities that optimally simulates the ideal fluid. 
In order to determine the region of convergence of the wave speed predicted by Floquet 
and the analytically obtained incompressible fluid-spring system's wave speed, Floquet's 
138 
PBCs were applied to the model for a sweep of spring constant values for fixed values of 
the elastic material bulk modulus "' and shear modulus µ. The elastic fluid properties "' 
and µ were first chosen in the limit allowed by the numerical precision of the computer and 
ADINA [5] used to extract the stiffness and mass matrices of the model: "'= 1 x 106 and 
µ = l x 10- 3 . This gives the ratio, K-j µ of these moduli to be 1 x 109 , which corresponds 
the nearly incompressible case with the Poisson's ratio v ~ 0.5. 
Even though the case whereµ= 0 could not be directly computed by ADINA [5], the 
fact that the assembled finite element stiffness matrix is linear in the material properties was 
used to extract a shear free stiffness contribution for any given value of the bulk modulus 
in the limit mentioned above. The shear free stiffness matrix formation procedure is to 
run two separate ADINA experiments on the same problem with judiciously chosen elastic 
parameters "', rJ and µ. In one of the experiments the desired values of K-1 = "', 'r/1 = rJ 
are set while a value of µ 1 = µ i=-0 is chosen. Let K 1 be the stiffness matrix extracted 
using these parameters. The second experiment doubles the desired elastic properties but 
not the shear modulus: K-2 = 2 "', 'r/2 = 2 rJ and µ2 = µ1 = µ. The resulting stiffness 
matrix is denoted K 2 . As a result of linearity, the matrix K = K2 - K 1 yields a shear 
free stiffness matrix. The Floquet method is then performed on this matrix to arrive at 
the frequency spectrum for the shear free elastic fluid. This procedure can be summarized 
into the following symbolic equation: 
(5.71) 
Figure 5-6 displays the frequency spectrum for a particular value of the spring con-
stant rJ = 6100 dyn/ cm3 to show the nature of the spectrum. For each value of the real 
wavenumber specified, as many frequencies as the number of degrees of freedom in the 
finite elements model exist, of which only a few of the lowest frequencies are extracted by 
solving the Floquet eigenproblem. In order to understand the plot, let us recall that in an 
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Figure 5-6: Elastic fluid on elastic foundation's frequency spectrum for spring constant 
rJ = 6100 dyn/ cm3 , for elastic fluid bulk modulus, r;, = I x 106 dyn/ cm 2 with shearing 
completely removed from elastic fluid model, µ = 0. m = 0 and m = I correspond to 
the first two lowest P-wave branches of the spectrum and are shown in folded form. The 
subsequent higher branches are only partially computed and are guided by the dashed lines. 
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Figure 5·7: Nondimensional frequency spectrum for waves in an elastic plate with mixed 
boundary conditions (stress free and no normal displacement boundary conditions at the 
long edges). Poisson's ratio, v = 0.31. Two groups of wave types can propagate with 
this boundary conditions: P waves and S waves. The antisymmetric waves are shown 
with dashed lines and the symmetric waves are the plain lines. The lowest branch of the 
spectrum for each wave type is pointed to by the arrow. Subsequent higher branches lie 
over the former following the arrow direction. The elliptic part of the spectrum, with Im(~) 
axis, represent decaying (evanescent) waves. 
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elastic material several types of waves can propagate freely. These waves can be grouped 
into 2 types: the shear (rotational) and the dilatational (longitudinal, or P) waves. The 
shear waves which are polarized perpendicularly to the propagation direction can be of two 
subtypes: type SH or type SV dependent on the relative polarization of the displacement. 
Whether compressional or rotational, these waves are subdivided into symmetric and an-
tisymmetric modes or branches since the displacement field possesses both symmetric and 
antisymmetric parts. Figure 5-7 shows the various frequency spectra corresponding to SH, 
SV or P wave (see reference [29]). In the present case of figure 5-6, the symmetric (m even) 
and antisymmetric modes (m odd) of the compressional wave are shown. The branches 
are shown in folded form as the result of the Floquet PBCs implementation. Recall that 
by periodicity of the Floquet exponents, theses branches can be unfolded to represent the 
short waves. The lowest symmetric branch (m = 0) is of interest here, and has been identi-
fied by visualization of the modes shape for each wavenumber in the first Brillouin zone. It 
is this low frequency symmetric compressional mode that yields the wavespeed of interest. 
Figure 5·8 shows the frequency spectrum obtained from Floquet PBCs application for 
µ = 0 for a range of spring constant values. The slope at the origin of the lowest symmetric 
compressional branch, which is the wave speed at low frequency predicted by the spring-
restrained elastic material model, is collected for each spring parameter and plotted in 
figure 5-9 together with the ideal fluid prediction. It can be seen that there is a region 
where the elastic material comes in agreement with the ideal fluid. We note that for a 
fixed elastic bulk value, the stiffer spring results are in error whenever the ratio r,,, = rth 
of the elastic fluid bulk modulus to the spring stiffness ryh is less than 103 . In fact, as seen 
on the lowest curve in the figure, the last two values of spring constant showed apparent 
disagreement. When the ratio r,,, is increased by increasing the bulk modulus however, the 
elastic fluid model and the ideal fluid prediction are brought into agreement. We conclude 
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Figure 5-8: Elastic fluid on elastic foundation's frequency spectrum for decreasing values 
of T/, for elastic fluid bulk modulus, l'i, = 1 x 106 dyn/ cm2 with shearing completely removed 
from elastic fluid model, µ = 0. 
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Effective spring stiffness: 17 (dyn/cm 3) 
Figure 5-9: Elastic fluid vs ideal fluid material: Low frequency wavespeed convergence for 
decreasing values of T/, for elastic fluid bulk modulus, r;, = 1 x 106 dyn/cm 2 with shearing 
completely removed from elastic fluid model, µ = 0. 
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wave speed is three orders of magnitude or higher. 
The actual apical cochlear effective stiffness, corresponding to the location at CF = 
0. 7 kHz, falls well within the range of stiffness plotted, with 'r/apex = 1.9 x 106 dyn/ cm3 . 
The stiffer middle and basal turns with effective stiffnesses 'r/midl = 9.9 x 106dyn/ cm3 
(CF= 4kHz) and 'r/base = 90.2 x 106dyn/cm 3 (CF= 17.7 kHz), respectively, are at the 
higher end of the stiffness range considered, where the elastic bulk modulus adjustment is 
required. 
Remark: The effective stiffness for the actual cochlea is obtained by applying a uniform 
pressure !::J.P under the basilar membrane of the cochlear short section as modeled in 
chapter 3, and measuring the area displaced !::J.A. The material properties having been 
matched as described in that chapter. Then, with W denoting the width of the organ of 
Corti, the effective stiffness is given by: 
(5.72) 
In order to further verify the convergence of the elastic fluid properties to the ideal fluid, 
the shear modulus µ was varied for fixed values of r., = 105 dyn/ cm2 and 'r/ = 305 dyn/ cm 3 
and the Floquet method was implemented. The result is plotted in figure 5· 10 and shows 
convergence with respect to the shear modulus decrease. 
Similarly, the bulk modulus r., was varied for a fixed value of rt = 6100 dyn/ cm3 with 
zero shearing and the procedure was repeated. The result is displayed in figure 5-11 which 
shows convergence of the elastic material to the ideal fluid with respect to bulk modulus 
increase. 
In summary of the convergence results, we can conclude that the response of the elas-
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Figure 5-10: Convergence region, with respect to elastic fluid shear modulus µ, of the 
elastic fluid model and the ideal fluid: with fixed spring constant T/ = 305 dyn/cm 3 and 
elastic fluid bulk K, = 105 dyn/cm 2 . 
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contribution, r,,, > 103, while the ratio of the shear modulus to the spring contribution, 
rµ <-8.2 x 10- 3 (obtained from figure 5-10), and that the method as implemented through 
ADINA [5] for this two dimensional model seems well behaved with respect to the elastic 
fluid model. Alternatively, shear can be considered negligible provided Cs ::=; 0.1 Co, where 
Cs is the shear wavespeed and Co is the sought lowest symmetric bulk mode. 
Now that we have a good idea of the elastic parameters required to accurately represent 
the fluid, we proceed to implement the two dimensional case with parameters chosen to 
present an actual basal cochlear turn. The ratio of the height to the unit cell length is 
65.4 compared to 0.2 for the previous 2D model. The effective stiffness is calculated as 
described earlier and is T/base = 9.02 x 108 Pa/m. The effective height of the basal short 
section, defined as the ratio of the cochlear cross section area to the width of the basilar 
membrane, is h = 1.32 mm, and the period length is p = 20.3 µm based on the length 
of the short section studied. This time, the more realistic no-slip boundary condition is 
applied at the springs. The boundary layer, calculated based on the resonance frequency 
of the actual cochlear turn, is resolved with about 7 elements in the layer. 
The nondimensional quantities used for this calculation are: 
L= 1.0; Ii= 65.4; 
with the reference parameters values given by: 
Lo =p; Po= p; 
co 







The deduced nondimensional quantities for the spring constants, for ADINA input, are: 
- fj 
ksp = N; 
2 
fj = = 
h 
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where N is the number of spring nodes per unit cell period p. Here, N = 61. 
The frequency spectrum resulting from the Floquet's method is shown in figure 5-12(a). 
The low frequency wave speed predicted by the Floquet method is c = 1.0 in nondimen-
sional form, which corresponds to V/, = co = 24.4 m/ s. This result is, therefore, in agree-
ment with the analytical prediction at low frequency. The lowest compressional symmetric 
mode shape corresponding to the wavenumber I Lo = 0.1, closest to the characteristic fre-
quency, is displayed in figure 5-12(b). The longitudinal x-displacement is parabolic while 
the vertical z-displacement is maximum near the springs at y = 0. As expected, we note 
that this frequency spectrum is valid only in the low frequency region as compared with 
the actual cochlear section frequency filtering. In fact, the actual cochlear spectrum is 
dispersive toward the best frequency CF, which this calculation does not show. This 
clearly reflects the low frequency model assumption that represents only the stiffness of 
the cochlear section. The mass of the structural components of the short section is not 
accounted for. 
A derivation of the low frequency wavespeed as a function of the location along the 
length of the cochlea can be obtained by differenting expression (5.67). Assuming the mass 
density unchanged, and using the stiffness relation r,(x) = r,0 e-ax, we have: 
c(x) = c2 (x1) + _Q_ e(-ax) (h' (x) - a h(x)) dx ( ,,, lx )1/2 2p Xl (5.75) 
where h(x) is the effective height as a function of the position x, and is determined as 
the ratio of the cross-sectional A(x) to the width w(x) of the basilar membrane. The low 
frequency wave speed, c(x) in equation (5.75) is then defined at all longitudinal locations, 
and depends on the basal effective stiffness 'r/o. The effective height and the basilar mem-
brane width are plotted in figure 5-13(a) and in figure 5-13(b), respectively. The integrand 
H(x) = e(-ax) (h'(x) - ah(x)) in equation (5.75) is plotted in figure 5-14, and shows that 
this function asymptotes to zero from negative values. The limiting value for the inte-
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Figure 5-12: a) Frequency spectrum for the basal turn at CF= 17.7 kHz (CF= 0.09) with 
effective spring constant fi = 0.031, for bulk modulus R-= 2 x 106 and shear modulus p, = 0: 
the low frequency wave speed predicted by the Floquet method is the unit slope, c = 1.0. b) 
The lowest compressional symmetric mode shape corresponding to the wavenumber 'Y Lo = 
0.1, closest to CF shows a parabolic x-displacement profile and maximum y-displacement 
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Figure 5-13: a) Effective height of the gerbil cochlea as a function of the position from 
base to apex, calculated based on the ratio of total cochlear cross-sectional area to the 
width of the basilar membrane provided in [61] b)Gerbil basilar membrane width as a 
function of the position along the cochlea: 'o'== experimental data from [61], Plain line 
== polynomial fit . 
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reached at approximately x = 5 mm. This implies that the low frequency wavespeed is 
constant for all frequency filtering locations above 5 mm toward the apex. The low fre-
quency wavespeed can then be deduced at a specified location x2 if it is known at a distal 
location x1 as c(x2) = (c2(x1) + ~ Q)112, if 'f/o is provided. 
An estimate of 'f/o at the base can be obtained from the point stiffness divided by the 
surface area of the basilar membrane model. This yields 'f/o ~ 1010 Pa/m based on a basal 
point stiffness of 10 N / m [62]. 
Olson's [58] direct measurement of intracochlear pressure waves provided an estimate of 
the frequency spectrum for a location mid-way between the basal and the first turn of the 
gerbil cochlea corresponding approximatively to a CF of 25 kHz. Based on this dispersion 
relation, the wavespeed for a frequency of 12 kHz (the lowest frequency for which the 
wavelength is provided) is ~ 100 m / s. 
Integrated between the two CFs 25 kHz and 17. 7 kHz corresponding respectively to 
positions x 1 = 2.19mm and 3.00mm, the integral value is Q = -0.89mm. The estimate 
of the low frequency from the direct measurement thus yields c(x2) ~ 74 m/ s for CF = 
l7.7kHz. 
Since the cochlear fluid is viscous, we next incorporate viscosity by adding damping to 
the elastic fluid model. We assess the effect of viscous damping by comparing the result 
obtained by Floquet's method with the analytical solution of the corresponding viscous 
fluid model. 
The same finite element technique, summarized in equation (5.71), used to create a 
shear free stiffness matrix can be also be used to produce a damping matrix D. The pro-
cedure is summarized in the following equation using the same matrices K 1and K2: 
(5.76) 
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Figure 5-14: Integrand H(x) in equation (5.75): for the low frequency wavespeed estimate 
as a function of the longitudinal position x along the gerbil cochlea 
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and the spring constant, as defined previously. As a result of the linearity of the finite 
element matrix with respect to the elastic properties, the damping matrix can be written: 
D(O, 0, µ) = µD' where D' is a constant matrix. The actual fluid viscosity µf is then 
introduced as a factor multiplying the matrix D'. Thus the damping matrix used to model 
the damping in elastic a viscoelastic fluid is: 
(5.77) 
With the damping matrix defined thus, the damped finite element equation to be solved, 
written in statically condensed form as in equation (5.66) is: 
(-w 2 [A] - iw [C] + [Bl) {Uc} = 0 (5.78) 
This is a quadratic eigenvalue problem in w whose solution can be obtained by lineariza-
tion [l]. However, this procedure doubles the size of the matrices. Even though this could 
be treated in the model problem at hand, for a larger problem such as that encountered 
when modeling the micromechanics of the cochlea, it will not be possible to implement this 
linearization. Therefore, we limit our attention to computing the frequency shift as the 
result of damping in the fluid. 
We write: 
(Undamped) (5.79) 
(-w 2 [A] - iw [C] + [Bl) {Uc} = 0 (damped) 
where matrices A and B and as defined in equation (5.66). 
Thus, left multiplying the 'damped' equation by the transpose of Uco, and using the or-
thogonality conditions of the undamped modes yield, the simple quadratic equation in 
154 
w: 
2 . C 2 Q -w - iw" + w0 = , where ~ = u'[o [C] Uco and w5 = U'[o [B] Uco• (5.80) 
The solution is given by: 
(5.81) 
The real part of w yields the damped frequency due to viscosity. 
We have computed the damped version for the actual cochlea base whose result was 
presented in figure 5·12(a), keeping only the lowest symmetric (compressional) branch. The 
result is presented in figure 5-15. This result shows that the frequency shift as the result of 
the damping in the elastic fluid is negligible in this first approximation, as reflected by the 
indistinguishable circle and triangle symbols on the top figure. In the bottom figure, we 
see that the wavespeed calculated from the solution given in equation (5.81) equals that 
obtained from the undamped elastic fluid. It is within 10% of the analytical solution for 
the viscous fluid on an elastic foundation. The dispersion relation for the viscous fluid on 
an elastic foundation is derived analytically and the long wave speed is given below as: 
V, - V 1 x ✓1- tan(,Bb) where 
</! - </! ,6b ' 
VJ= /TfJ, (Inviscid phave velocity) (5.82) 
f3 b = (2h8) x Ji - ('y 8)2 , with 8 = ✓7[f (Boundary layer thichness) 
This is consistent with the fact that in the actual cochlear macromechanics, low frequencies 
or long waves are only very slightly affected by viscous damping. Keller [44], in his two 
dimensional asymptotic model of the cochlea macromechanics, showed that stiffer regions, 
basal to the best place along the cochlea, can be considered inviscid. Viscous damping 
is important past the best place, where waves are damped within a viscous scale length. 
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Figure 5-15: Top) Lowest symmetric compressional branch for the undamped and damped 
elastic fluid cases showing that viscosity effects are negligible to a first approximation. 
Bottom) the wavespeed resulting from the addition of damping is equal to that of the 
undamped elastic fluid and is within 10% of the analytical solution for the viscous fluid on 
an elastic foundation given in equation ( 5.82). 
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Here, we confirm that viscous effects are not important for cochlea macromechanics. 
5.3.2 3D-elastic fluid model validation: the cochlear box-model 
In this section, we proceed toward the three dimensional model of the cochlear short section 
using the Floquet method. The present cochlear box model does not yet incorporate the 
micromechanical structures within the cochlear partition. Here, the cochlear partition is 
modeled as an elastic slab whose effective stiffness is matched to that of the micromechanical 
model of the organ of Corti (OC) developed in Chapter 3. This model can be viewed as a 
transitional model to the actual 3D cochlea short section model, and serves to validate the 
elastic fluid model and the finite element implementation of the Floquet method in 3D. The 
validation is performed on a section representing the apical turn tuned to CF = 700 kHz. 
The elastic fluid properties are validated first, then the Floquet method is implemented. 
Figure 5·16: Finite element box model depiction showing the unit cell mesh: the full 3D 
view on the left and the cross section on the right. The elastic OC slab representing the 
cochlear partition is the darker region sandwiched between the scalae of equal size. the 
model is centered at the origin, and the periodic boundaries are the faces x = -0.5 and 
x = 0.5. 
The finite element box model is shown in figure 5-16. The unit cell shown is meshed with 
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a 8-node trilinear elements. The full 3D view is shown in the left quadrant and the cross 
section view on the right. The elastic organ of Corti (OC) slab representing the cochlear 
partition is the darker region sandwiched between the scalae of equal size. Here, the width 
of the scalae are the same as that of the cochlear partition. However, a discontinuity can 
easily be included to reflect different widths. For the purpose of validating the fluid material 
such an inclusion is postponed. The reference quantities used in the nondimensionalization 
are given in formula (5.74) with the values referring to the current apical turn studied. 
The unit cell period p = 20.3 µm is the reference length. The model dimensions and elastic 
properties are summarized in table 5.1 and the corresponding dimensionless quantities are 
given in table 5.2. The model is centered at the origin, and the periodic boundaries are 
the faces at x = -0.5 and i; = 0.5. Any other boundary is fixed, with no displacement 
allowed. 
Table 5.1: Apical box model dimensions and material properties. 
\ Parameter description I parameter symbol I parameter value 
Unit cell period length p 20.3 µm 
Effective scala height h 540.0 µm 
Effective partition height hs 55.2 µm 
Model width Wbm 320 µm 
Effective partition stiffness rJ 19.3 x 10° Pa/m 
Elastic material mass density p 1000Kg/m 3 
Table 5.2: Dimensionless apical box model properties. 
Parameter description I parameter symbol I parameter value I 
Unit cell period length p 1.0 
Effective scala height h 26.69 
Effective partition height hs 2.72 
Model width Wbm 15.76 
Effective partition stiffness fj 0.0967 
Elastic material mass density 15 1.0 
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In order to validate the elastic fluid in 3D, we compare the results of the free vibration 
modes produced when an acoustic fluid is used in the box model to those resulting from 
the elastic fluid model. The properties of the elastic slab remain unchanged in both cases. 
The vibration modes of the box model with an acoustic fluid are computed directly within 
ADINA [5]. For a prescribed value of the elastic fluid bulk modulus, the stiffness matrices 
obtained using ADINA with an elastic fluid are processed to form the free vibration eigen-
problem, which is solved using MATLAB [55]. The obtained frequencies and modes are 
then compared to those obtained with the acoustic fluid model. This procedure is repeated 
for a gradual increase of elastic bulk modulus value until a value that accurately repro-
duces the acoustic fluid vibration mode is obtained. A quantitative comparison is used for 
the frequencies, while the modes are compared qualitatively because the two models have 
different dependent variables: for the case of the acoustic fluid, a fluid velocity potential 
degree of freedom¢ is used while for the elastic fluid model displacement degree of freedom 
U = (u, v, w) is used. Although it is possible to convert between the 2 sets of degrees of 
freedom using the relation U = V ¢, a simple qualitative comparison will suffice for the 
modes. 
A sorting procedure is devised to separate the elastic or dilatational modes, which we 
are interested in, from the numerous shearing or rotational modes that are extracted from 
the modal analysis of the elastic fluid. The shearing or viscous modes are dominated by the 
rotational component of the total displacement in the elastic fluid. The total displacement 
is, in fact, composed of a dilatational and a rotational part. We define the ratio rn of the 
rate of viscous dissipation to the elastic energy in a mode shape Xn corresponding to the 
modal frequency fn as: 
X;CXn 
rn = xr K X ' 
n n 
(5.83) 
where C and K are, respectively, the damping and stiffness matrices obtained from the 
finite element assemblage. 
Thus, a large value of rn corresponds to a shear dominated mode while a small value 
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identifies an elastic mode. The modal frequencies f n are then sorted with respect to the 
ascending order of the ratio rn, such that the elastic frequencies and mode shapes are 
stored first. The elastic modes can then be identified easily. 
The mode separation process is illustrated in figure 5-17 where rn is plotted against 
the modal frequencies fn- We see a clear separation between the shearing and the elastic 
modes. We found that for the values of the elastic fluid bulk modulus less thank = 105 , the 
acoustic modes could not be recovered. When the elastic fluid bulk modulus is increased 
from this value, the lowest modal frequency increased while the modal shapes were similar 
to the corresponding acoustic mode. For high values of the elastic bulk modulus i.e, 
k > 103 , the incompatible mode option was used to overcome difficulties arising due to 
elastic incompressibility. However, only k = 105 yielded the acoustic modes. The natural 
frequency for k = 102 seems close to the acoustic natural frequency, however the mode 
corresponding to this value presented some imperfection compared to the mode for k = 105 . 
Figure 5-18(a) illustrates these results with respect to the elastic fluid bulk modulus. For 
this value of the elastic bulk modulus k = 105 , the first three elastic modal frequencies 
are compared to their acoustic analogs in figure 5-18(b), which shows that the higher 
frequencies in error with respect to the acoustic frequencies with an error of about 15%. 
The mode shapes results are shown for the value of the elastic bulk modulus for which the 
acoustic modes are recovered. The elastic and acoustic mode shapes corresponding to the 
lowest modal frequencies are compared in figure 5-19 where the z-displacement component 
is shown, and in 5-20 showing the y-displacement component. From the gradients (in 
the x and y-directions) of the velocity potential field, we recognize the displacement field 
produced by the elastic fluid model. On the left side of each panel is shown the displacement 
components of the OC slab. Note that in each figure (plotting the individual y and z 
components) the modes in each pannel (showing the acoustic and elastic fluid results) are 
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Figure 5-17: Mode separation for elastic fluid bulk Fi, = 105 : a) The ratio rn of the shearing 
energy to the elastic energy in each mode shows a clear separation, helping identify the 
elastic modes which are of interest. b) The ratio rn for the group of elastic modes (zoomed-
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Figure 5·18: Box model convergence results: a) Fundamental frequency of vibration for in-
creasing value of the elastic fluid bulk modulus on linear and semilog scales. b )Comparison 
of the first three elastic modes to the equivalent acoustic modes for the elastic fluid bulk 















































Figure 5-19: Qualitative comparison of the lowest vibration mode shape of the box model 
for the case of the acoustic fluid model versus the case of an elastic fluid model with bulk 
modulus K- = 1 x 105 . In both cases the modal frequency is f = 0.012: a) Acoustic 
fluid mode on the right: fluid velocity potential. b) Elastic fluid mode on the right: 
z-displacement shown, corresponding to the gradient in the z-direction of the velocity 
potential. On the left side of each panel is shown the OC slab z-diplacement. Note that 














































Figure 5-20: Qualitative comparison of the lowest vibration mode shape of the box model 
for the case of the acoustic fluid model versus the case of an elastic fluid model with bulk 
modulus r;, = 1 x 105. In both cases the modal frequency is f = 0.012: a) Acoustic 
fluid mode on the right: fluid velocity potential. b) Elastic fluid mode on the right: 
y-displacement shown, corresponding to the gradient in the z-direction of the velocity 
potential. On the left side of each panel is shown the OC slab y-diplacement. Note that 
the modes in each pannel are shown in opposite phase, and express identical modes. 
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5.3.3 The actual 3D cochlear model wave propagation model 
Here, we show the result obtained for a realistic apical cochlear model of the cochlea. For 
the result shown the Floquet periodic boundary conditions were applied as described in the 
method section 5.2.2, and the dispersion relation and Floquet wave modes were calculated. 
The method for obtaining a Hermitian transformed mass and stiffness matrices was used. 
For each specified real valued Floquet wave number, the Floquet eigenproblem was solved 
to extract a given number of eigenvalues (the frequencies). Here the 20 lowest frequencies 
were extracted for each value of the wavenumber. 
The ratio of the elastic fluid bulk modulus r;, to the effective stiffness of the cochlear 
short section (rJh) was prescribed according to the verification results of section 5.3. The 
ratio was rr;, = 103 and our method to remove the shearing contribution was used such that 
rµ, = 0. The frequency spectrum obtained from the extraction is shown in figure 5-21. A 
low frequency mode shape at 0.2kHz with wavenumber 0.3mm- 1 is shown in figure 5-22. 
The main difficulty was to identify the lowest symmetric compression branch. If present, 
its low frequency slope at the origin should match the low frequency of the equivalent fluid 
model. Note that for the wave mode results shown here, the sorting procedure used in the 
vibration mode of the box model was not implemented to separate the wave modes. 
5.4 Discussion and Conclusion 
We have developed a method to analyze fluid-elastic waveguides with complex geometries, 
such as the cochlea. The method is an hybrid numerical-analytical technique based on 
the Floquet theory. We have applied the method to one, two and a three dimensional 
waveguides. The one dimensional (1D) example, which treated the string with an array 
of scatters, helped understand the numerical scheme used and was successfully compared 
with an available analytical solution. The two dimensional (2D) implementation treated the 
problem of a fluid on an elastic foundation, which is a useful and commonly used model of 
the cochlear macromechanics. It served to verify the approach in 2D in the cases where an 
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Figure 5-21: Frequency spectrum for an apical cochlear model (CF= 0.7 kHz) obtained by 
Floquet method for r" = 103 and rµ = 0: Each point on the graph corresponds to a single 
Floquet mode. This forms a complex system of shearing and compression branches. The 
color, only shows the order of extraction of the modes for each value of the wavenumber 
specified, and do not necessarily indicate a branch type. 
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Figure 5-22: A low frequency mode shape at~ 0.2kHz of an apical cochlear model (CF= 
0.7 kHz) obtained by Floquet method for r,,, = 103 and rµ = 0. Shown from left to right 
the organ of Corti fluid compartment, the cochlear partition, and the whole cochlea short 
section. 
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actual fluid and an elastic fluid model are used. Both cases were successfully implemented 
and compared with the low frequency analytical wave speed solution. For the case of the 
elastic fluid model, a low effective stiffness (17h) was required to obtain uniform convergence 
as tested with respect to an increasing elastic-fluid bulk modulus (K;). However, the 2D 
elastic fluid model did not converge uniformly for high values of the effective stiffness. 
In fact, the wavespeed of the system formed by the elastic-fluid and the elastic-spring 
should converge to that of an elastic-spring dominated stiffness system at low frequencies if 
fluid ( compressibility) is properly modeled. There was, however, a value of the elastic-fluid 
bulk modulus that matched the analytical and numerical wave speeeds. That value was 
used to implement the method. Because, agreement was obtained at a single point, rather 
than in a limiting convergence, there is reason to be skeptical of results obtained with this 
numerical value. 
In the three dimensional case a different approach was used. This time we did not 
perform Floquet method directly. Instead, a modal analysis was performed with an elastic-
fluid and the result was compared to the acoustic fluid vibration modes. As shown in the 
model box problem, we did not recover the acoustic fluid modes uniformly either, as the 
elastic-fluid bulk modulus was increased. 
The source of the problem could be that (1) the mass and stiffness matrices extracted 
from ADINA are incorrect in the case of high effective stiffness. (2) The lowest symmetric 
compressive wave sought could not be identified or could not be separated from the shearing 
modes in the case of the wave propagation approach. (3) ADINA's internal limitation did 
not allow the treatment of the fluid as an elastic solid for high value of effective stiffness 
( 17h). 
It is possible that the matrices produced by ADINA are erroneous in this limit were 
verification could not be obtained. The second point may also apply. In fact, the separation 
of the viscous mode from elastic mode for the simple vibration problem of the box model did 
not yield consistent verification results, just as in the 2D case of high effective stiffnesses. 
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These three sources are all related to the handling of elastic incompressibility and are 
valid sources of the difficulties encountered. The incompatible modes were used to try 
handling incompressibility when required. Other means for treating incompressibilty, such 
the u/p-formulation within ADINA, and higher order finite elements were also attempted, 
but yieded unsatisfactory results. 
An alternate approach to handle higher stiffnesses may be to use an actual fluid model 
(acoustic fluid) in a package that can provide the coupling matrix required. In fact, if 
the coupling matrix between the fluid and the structure can be obtained, the method can 
readily be applied since there would be no need to model an elastic fluid. 
Chapter 6 
General conclusion 
We have investigated the micromechanical motion within a realistic representation of the 
organ of Corti in the presence of the scalae and intertitial OC fluid. 
Our first aim was to confirm that the tunnel of Corti can sustain fluid wave propa-
gation, as this is may provide physiological grounds for the explaination of the cochlear 
amplifier by non-classical cochelar models. 
The experimental evidence is that OHCs contraction induces oscillatory flow in the tunnel 
of Corti. The question we address is whether this oscillatory flow is produced by an ac-
tual fluid wave traveling in the ToC or is merely an oscillating flow with no spacial phase 
change. 
We hypothesize that: The pillar cell must not present a significant barrier to flow into the 
tunnel of Corti if the latter can support sustainable traveling fluid waves in response to 
outer hair cells motion. 
In order to investigate this hypothesis, a realistic three dimensional finite element model 
of ToC model was considered to characterize the tunnel of Corti mechanics in respopnse 
to active OHC displacement input. The middle turn of the gerbil cochlea tunned to 4 kHz 
was modeled for the purpose. 
We found that: 
1. The apparent stiffness of the pillar cell row is of the same order of magnitude as 
the stiffness of the underlying basilar membrane. This comparison indicates that the 
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pillar cells do not present a significant barrier to flow relative to other anatomical 
structures. 
2. The fluid waves in the tunnel of Corti propagate at the constant wave speed of 
~ 4 m/ s at all relevant auditory frequencies through the cochlear location studied, 
and is only slighly affected by fluid viscosity ( 4 % decrease in wave speed in present 
of viscous cochlear fluid). The wavelength estimate at the characteristic frequency of 
4 kHz in the middle turn is 0.9 mm. These wave characteristics compare well to those 
of the guinee pig at CF ~ 5-9 kHz with wavelength ~ 0. 7 -1 mm and wave speed of 
~ 5- 6 m / s [ 66]. This wavelength estimate is more realistic than the one dimensional 
calculation in [40] of ~ 2.3 mm. Based on the experimental wavelength estimate of 
0.5 mm [40, 63] for the gerbil cochlea, the fluid wave was found to propagate at least 
a wavelength down the tunnel. 
These results confirm our hypothesis that the pillar cell do not constitute a barrier to 
flow into the tunnel, and that the tunnel can sustain long range fluid wave propagation. 
Although, the orthotropic property of the basilar membrane was not included in the model, 
the longitudinal coupling was accurately represented by matching the experimentally deter-
mined space constant value. The inclusion of orthotropy would act to decouple the section 
and produce a shorter wavelength and a higher peak response. Orthotropy could therefore 
bring our model estimate of the wavelength value down and closer to the experimental 
estimate for gerbil. If the tunnel of Corti wavelength is the same as the macromechanical 
wavelength; then only a single mode would exist within the cochlear section. Otherwise, the 
difference between the experimental and numerical estimate could suggest the coexistence 
of two modes of wave propagation in the cochlear section. In the non-classical traveling 
amplifier interpretation of the cochlear amplifier, the tunnel of Corti wave could interact 
constructively with the classical macromechanical wave mode to produce the basilar mem-
brane vibration amplification. 
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Our second aim was to assess the influence of the interstitial microfluid flow on the 
micromechanics of the organ of Corti. For this purpose, a finely resolved cochlear short 
section was studied to reveal the fluid-elastic interaction. A modal analysis of the section 
was performed with and without cochlear fluid and the modal results were interpreted as 
the limiting case of wave propagation. 
The analysis results suggest that: 
l. The long wave response at the sensitive cochlear location (CF) is characterized by 
the classical OC motion, with a monophasic basilar membrane motion and a pivoting 
of arch of Corti about the inner pillar foot. In this mode, however, the two inner 
rows of OHCs bend in phase while moving out of phase with the outermost row of 
OHCs. 
2. The short wave response at the CF is characterized by a complex fluid-structure 
interaction mode, where the arcuate and pectinate zones of the basilar membrane 
move out of phase and fluid is moved between the tunnel of Corti, the interstitial 
spaces between the OHCs, and the outer tunnel. The outer hair cells rows move all 
in phase following the radial flow direction. 
3. In both cases of long and short waves, fluid is squeezed radially, back and forth in 
the subtectorial space as the result of the bending motion of the reticular lamina 
in the region above the OHCs heads. This causes a compression and expansion 
of the subtectorial space, and confirmed the experimentally observed pulsatile flow 
stimulation mechanism for the inner hair cell sensory receptors. 
A significant fluid motion was observed between the cylindrical cellular structures of 
the OC as the result of the structural displacement. This indicates that the interstitial 
microfluid flow must be accounted for in cochlear model to avoid overpressuring the 
OC and to allow the proper cellular movements. 
In transient analysis, we found that the inner cilia deflect due to the viscous fluid drag 
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force. This deflection, which was not observed in presence of an inviscid fluid is character-
ized by a small inner hair cell shearing gain (~ 10- 2) compared to that of the outer hair 
cells ( ~ 1.7) for a 2 kHz simulation frequency,. This is consistent with the difference in 
the structural constraints of these two cilium types. While only the entrained viscous fluid 
drag force drives the inner cilia, both the RL-TM shearing and viscosity cause the outer 
hair deflection. There have been some speculations that the inner cilium might contact 
the Hensen stripes located at the botton of the TM above the inner hair cells. If this is 
included the inner and outer cilium gains calculated could be of comparable sizes. 
Finally, we have developed a method to analyze fluid-elastic waveguides with complex 
geometries, such as the cochlea. The method is an hybrid numerical-analytical based on 
the Floquet theory. We have applied the method to a one, two and a three dimensional 
waveguide. The one dimensional (lD), which treated the string with an array of scatters, 
helped understand the numerical scheme used and was successfully compared with an avail-
able analytical solution. The two dimensional (2D) implementation, treated the problem of 
a fluid on an elastic foundation, which represents a model of the cochlear macromechanics. 
It served to verify the approach in 2D in the cases where an actual fluid and an elastic 
fluid model are used. Both cases were successfully implemented as compared with the low 
frequency wave speed analytcal solution. For the case of the elastic fluid model, a low 
effective stiffness ('qh) was required to obtained uniform convergence as tested with respect 
to an increasing elastic-fluid bulk modulus (K;). However, the 2D elastic fluid model, did 
not converge uniformly for high values of the effective stiffness. 
In the three dimensional case a different approach was used. A modal analysis was 
performed with an elastic-fluid and the result was compared to the acoustic fluid vibration 
modes. The verification study did not yield the expected results either for high effective 
stiffnesses. 
It is possible that the matrices produced by ADINA are erroneous in this limit where 
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uniform verification could not be obtained. In fact, two different approaches to verify the 
results were used: a wave propagation approach and a vibrational analysis. Both led to 
the same observation that higher effective stiffnesses do not yield uniform results. This 
is somehow deceiptive since the cochlea is within this high stiffness range. However, the 
method works well at low effective stiffness, given the tools in hand (ADINA). 
We believe the problem resides in the inedequate handling of elastic incompressibility. 
An alternate approach for this higher stiffness range would be the use of an actual fluid 
model in a numerical package that can provide the coupling matrix required. In fact, if 
the coupling matrix between the fluid and the structure can be obtained, the method can 
readily be applied since there would be no need to model an elastic fluid. 
Contribution from this thesis 
We have: 
• estimated for the first time the impedance of the pillar cells to fluid flow. This 
estimate can easily be converted and incorporated in hydromechanical circuit models 
of the cochlear micromechanics. 
• confirmed that the tunnel of Corti can sustain long range traveling waves in response 
to somatic motility. This supports the physiological evidence for the existence of 
additional longitudinal coupling as required for non-classical interpretation of the 
cochlear amplifier. 
• developed a systematic method to identify elastic parameters from point stiffness. 
• provided an elastic properties map of the organ Corti based on a realistic model. 
• found that the dominant parameters that control the passive mechanics of the organ 
of Corti are the basilar membrane and the Pillar cells. 
• provided modes of vibrations of a detail 3D model of organ of Corti, including the 
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intertial cellular spaces. These modes can serve as reference for interpreting and 
designing experiments aimed at investigating the OC. 
• shown that the long wave response at the peak location is characterized by the clas-
sical motions and that the short wave at the peak response involves significant intra-
cellular fluid motion. 
• demonstrated that the intertial fluid space is relevant in cochlear micromechanics, 
and must be included to avoid overpressuring the OC especially in the short wave 
regime. 
• developed and exmained methods to analyze fluid-elastic waveguides with complex 
geometries, such as the cochlea. 
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